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A NEW CONSTRUCTION OF STRICT DEFORMATION
QUANTIZATION FOR LAGRANGIAN FIBER BUNDLES
MAYUKO YAMASHITA
Abstract. We give a new construction of strict deformation quantiza-
tion of symplectic manifolds equipped with a proper Lagrangian fiber
bundle structure, whose representation spaces are the quantum Hilbert
spaces obtained by geometric quantization. The construction can be re-
garded as a ”lattice approximation of the correspondence between differ-
ential operators and principal symbols”. We analyze the corresponding
formal deformation quantization. We also investigate into relations be-
tween our construction and Berezin-Toeplitz deformation quantization.
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1. Introduction
In this paper, we give a new construction of strict deformation quantiza-
tion of symplectic manifolds equipped with a proper Lagrangian fiber bundle
structure, whose representation spaces are the quantum Hilbert spaces ob-
tained by geometric quantization.
Research Institute for Mathematical Sciences, Kyoto University, 606-8502,
Kyoto, Japan
E-mail address: mayuko@kurims.kyoto-u.ac.jp.
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2 M. YAMASHITA
1.1. Deformation quantizations and geometric quantizations. First
we explain some background. Let (X2n, ω) be a 2n-dimensional symplectic
manifold. We have the Poisson algebra structure on C∞(X). In this paper
we are interested in finding strict deformation quantizations for (X,ω). The
notion of strict (or C∗-algebraic) deformation quantization is introduced in
[9]. In this paper we use the following definition.
Definition 1.1. Given a symplectic manifold (X,ω), a strict deformation
quantization consists of the following data.
• A sequence of Hilbert spaces {Hk}k∈N.
• A sequence {Qk}k∈N of adjoint-preserving linear mapsQk : C∞c (X)→
B(Hk) so that for all f, g ∈ C∞(X), we have
(1) ‖Qk(f)‖ → ‖f‖C0 as k →∞, and
(2) ‖[Qk(f), Qk(g)] +
√−1
k Q
k({f, g})‖ = O( 1
k2
) as k →∞.
Note that there exists many variants in the definition, and the most gen-
eral one uses the notion of continuous fields of C∗-algebras as in [9].
Another formulation of deformation quantization is formal deformation
quantizations defined in [3], where they seek for an associative unital prod-
uct ∗, called a star product, on the set of formal power series C∞(X)[[~]]
satisfying
f ∗ g = fg +O(~) and f ∗ g − g ∗ f = {f, g}~+O(~2).
Strict and formal deformation quantizations are related as follows. If we
have a strict deformation quantization {Qk}k∈N for (X,ω), we expect to
solve the equations
Qk(f)Qk(g) =
l∑
j=0
(−√−1
k
)j
Qk (Cj(f, g)) +O
(
1
kl+1
)
(1.2)
recursively in l, where Cj(·, ·) is expected to be given by a differential oper-
ator, and get a star product ∗ by
f ∗ g =
∞∑
j=0
Cj(f, g)~j .
On the other hand, given a symplectic manifold (X,ω), geometric quan-
tization is a process to produce quantum Hilbert spaces, which is, physically,
expected to be representation spaces for the Poisson algebra C∞(X). See
[11] for details. The process goes as follows. First we fix a prequantizing
line bundle (L,∇) on X, which is a hermitian line bundle with unitary con-
nection, satisfying ∇2 = −√−1ω. To do this we need the integrality of
ω/(2π). Next we choose a polarization P ⊂ TX ⊗C, which is an integrable
Lagrangian subbundle of TX ⊗ C. Then, roughly speaking we define the
quantum Hilbert space Hk for k ∈ N as the space of sections of Lk which is
parallel, with respect to the connection induced from ∇, along vectors in P.
In this paper we are particularly interested in the polarization coming
from a proper Lagrangian fiber bundle µ : X2n → Bn with connected fibers.
In this case the fibers are n-dimensional affine torus by Arnold-Liouville
theorem [1]. A point b ∈ B is called a k-Bohr-Sommerfeld point if the space
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of fiberwise parallel sections of (Lk,∇), denoted byH0(Xb;Lk), is nontrivial.
In this paper we define the quantum Hilbert space by the following.
Hk = ⊕b∈BkH0(Xb;Lk ⊗ |Λ|1/2Xb),(1.3)
where Bk denotes the set of k-Bohr-Sommerfeld points, and |Λ|1/2Xb :=
|Λ|1/2(T ∗Xb) is the half-density bundle equipped with the canonical flat
connection. Thus, we have a one-dimensional Hilbert space on each k-Bohr-
Sommefeld point, and the quantum Hilbert space is their direct sum. By
Arnold-Liouville theorem, we can take a local action-angle coordinate which
identifies the prequantum line bundle with the standard one, (Rn×T n, tdx∧
dθ, L = C,∇ = d−√−1txdθ). In this coordinate, we have Bk = Znk . So we
regard the set Bk as a ”lattice approximation” of the integral affine manifold
B, and Hk in (1.3) can be regarded as approximation of L2(B) as k → ∞.
This observation is the key to our construction below.
On the other hand, another well-studied type of polarization is Ka¨hler
polarization, coming from an ω-compatible complex structure J on X. In
this case P = T 0,1J X, and the quantum Hilbert spaces are L2H0(XJ ;Lk),
the space of L2-holomorphic sections on Lk.
So, the following problem arises naturally.
Problem 1.4. Given a prequantized symplectic manifold (X,ω,L,∇) and
a polarization P, construct a strict deformation quantization {Qk}k, whose
representation spaces {Hk}k∈N are those obtained by the geometric quanti-
zation.
For Ka¨hler quantization, there are natural and well-studied answer to
Problem 1.4, namely Berezin-Toeplitz deformation quantization. This is
given by the multiplication operator composed with the orthogonal pro-
jection onto the space of holomorphic sections (see Definition 5.1 below).
It was shown that these operators have the correct semiclassical behavior,
in the case for compact Ka¨ler manifolds by Bordemann, Meinrenken, and
Schlichenmaier [4], and for a certain class of non-compact Ka¨hler manifolds
by Ma and Marinescu [7]. Moreover, Schlichenmaier [10] has shown that
this induces a star product called Berezin-Toeplitz star product.
However, Problem 1.4 in the case where P comes from Lagrangian fiber
bundles seems to have not been considered. The purpose of this paper is
to give an answer to Problem 1.4 in the case where P comes from proper
Lagrangian fiber bundles, and investigate into some basic properties. The
construction can be regarded as a ”lattice approximation of the correspon-
dence between differential operators and principal symbols”, where the set
Bk is regarded as the lattice approximation of B.
1.2. A motivation for the construction — The quantization of T ∗M .
Let Mn be a smooth manifold. As a motivation for our construction, in this
subsection we recall the usual symbol map and its ”inverse” map, which can
be considered as a quantization procedure of the symplectic manifold T ∗M
equipped with the vertical real polarization T ∗M →M .
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The principal symbol map transforms commutators of differential opera-
tors into the Poisson bracket with respect to the canonical symplectic struc-
ture on T ∗M ,
σpr([D1,D2]) = −
√−1{σpr(D1), σpr(D2)}.
Let σ ∈ C∞(T ∗Rn) be a symbol of some pseudodifferential operator on
R
n. Then, the operator P ∈ Ψ∗(Rn) with symbol σ is, up to smoothing
operators, recovered by the following procedure. Identifying P with its
integral kernel K ∈ C−∞(Rn × Rn), we define
K(y, x) =
∫
e−
√−1〈y−x,ξ〉σ(x, ξ)dξ.(1.5)
In other words, the inverse map for the principal symbol map is given by
the Fourier transform on each fiber of T ∗Rn. For general manifold M , by
patching the above fiberwise Fourier transform for T ∗M together, from a
principal symbol, we can recover the operator up to lower order.
If we regard this procedure as a quantization map of T ∗M induced by
the Lagrangian fibration T ∗M → M , it is natural to generalize this to
the case of proper Lagrangian fiber bundles. In this case, the fiberwise
Fourier transform is replaced by the fiberwise Fourier expansion, producing
an operator on the lattice approximation of the base manifold.
1.3. Outline of the paper. This paper is organized as follows. In Section
3, we give a construction of strict deformation quantization. First in sub-
section 3.1, we give the construction for the model case (Rn × T n, tdx ∧ dθ)
equipped with the Lagrangian fiber bundle structure µ : Rn × T n → Rn in
Definition 3.7, and prove that it is indeed a strict deformation quantiza-
tion in Theorem 3.19. Next, we deal with the general case in subsection
3.2. The construction is given in Definition 3.7, and prove that it is a strict
deformation quantization in Theorem 3.34.
In Section 4, we analyze the formal deformation quantization induced by
our strict deformation quantization. Since our construction can be written
explicitely in action-angle coordinate locally, in principle we can solve the
equation (1.2) explicitly. In nice cases, we show in Theorem 4.3 that the
star product obtained from our strict deformation quantization conincides
with the star product given by the Fedosov’s construction [5]. In general
cases, by an explicite computation we check this coincidence up to second
order term in Theorem 4.7.
In Section 5, we explain a relation between our construction and Berezin-
Toeplitz deformation quantization. In general, if we have a prequantized
symplectic manifold (X,ω) equipped with an ω-compatible complex struc-
ture as well as a Lagrangian fiber bundle structure, there is no canonical
isomorphism between quantum Hilbert spaces obtained by the two polar-
izations. Here we restrict our attention to the case of Rn × T n (subsection
5.1) and abelian varieties (subsection 5.2) with translation invariant complex
structure. In those cases we have a natural isomorphism between quantum
Hilbert spaces using theta basis for L2-holomorphic sections on Lk. We show
in Theorem 5.7 and Theorem 5.13 that, as k → ∞, the operator norm of
the difference between our deformation quantization and Berezin-Toeplitz
deformation quantization converges to zero in both cases.
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1.4. Notations.
• We let T := R/(2πZ).
• We denote the trivial hermitian line bundle over a manifold by C.
• For a smooth manifold M , we denote by |Λ|1/2M := |Λ|1/2(T ∗M)
its half-density bundle.
• For a Hilbert space H, we denote by B(H) its bounded operator
algebra.
• Given a fiber bundle µ : X → B and a subset U ⊂ B, we write
XU := µ
−1(U). For a point b ∈ B, we write Xb := µ−1(b).
• For a subset U ⊂ B of the base of a Lagrangian fiber bundle, we
denote by Hk|U the subspace of the quantum Hilbert space Hk (1.3)
defined by
Hk|U := ⊕b∈U∩BkH0(Xb;Lk ⊗ |Λ|1/2(Xb)).
We denote by PU the orthogonal projection from Hk onto this sub-
space. When U consists of a point, {x} = U , we also write Hk|x =
Hk|{x} and Px = P{x}.
2. Preliminaries
In this section, we recall basic facts on Lagrangian fiber bundles and its
geometric quantizations.
Definition 2.1. Let (X2n, ω) be a symplectic manifold of dimension 2n.
A regular fiber bundle structure µ : X2n → Bn is called a Lagrangian fiber
bundle if all the fibers are Lagrangian.
In what follows, we are interested in the case where a Lagrangian fiber
bundle is proper with connected fibers.
Example 2.2. Let us consider X = Rn × T n equipped with the symplectic
form ω = tdx ∧ dθ. Then µ : X → Rn, (x, θ) → x is a Lagrangian fiber
bundle.
By Arnold-Liouville theorem [1], any proper Lagrangian fiber bundle with
connected fibers are locally isomorphic to the one in Example 2.2. Indeed,
we have the following.
Fact 2.3 ([1]). Let (X2n, ω) be a symplectic manifold and µ : X → B be
a proper Lagrangian fiber bundle structure with connected fibers. For any
point b ∈ B, there exists an open neighborhood U ⊂ B of b and a symplec-
tomorphism (XU , ω) ≃ (U ′×T n, tdx∧ dθ), where U ′ ⊂ Rn, which makes the
following diagram commutative.
(XU , ω) ≃ (U ′ × T n, tdx ∧ dθ)
↓ ↓
U ≃ U ′
(2.4)
On a Lagrangian fiber bundle, we call a local coordinate (x, θ) ∈ Rn×T n
obtained by a local isomorphism (2.4) an action-angle coordinate. As is easy
to see, any two action-angle coordinate are related as follows.
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Lemma 2.5. Any symplectomorphism Rn × T n → Rn × T n which is com-
patible with the fiber bundle structure µ : (Rn × T n, tdx ∧ dθ)→ Rn is of the
form
(x, θ) 7→ (tA−1x+ c,Aθ + α(x)),(2.6)
where A ∈ GLn(Z), c ∈ Rn and α ∈ C∞(Rn;T n) such that A−1 ∂α∂x is
symmetric.
Thus, for a Lagrangian fiber bundle as above, the transformation between
two action-angle coordinates is given by the formula of the form (2.6). From
this, we see that the base B of a Lagrangian fiber bundle admits a canonical
integral affine manifold structure, and the fibers admit a canonical affine
torus structure.
Next we consider prequantum line bundles. Recall that a prequantum
line bundle on a symplectic manifold (X,ω) is a hermitian line bundle with
unitary connection (L,∇) whose curvature satisfies ∇2 = −√−1ω.
Example 2.7. For the case (X,ω) = (Rn×T n, tdx∧ dθ), we can set (L,∇) =
(C, d−√−1txdθ)).
On a Lagrangian fiber bundle, a prequantum line bundle also admits a
nice local description, as follows.
Lemma 2.8. In the settings of Fact 2.3, we also assume that (X,ω) is
equipped with a prequantum line bundle (L,∇). For any point b ∈ B,
there exists a contractible open neighborhood U ⊂ Rn of b a fiber-preserving
symplectomorphism XU ≃ U ′ × T n as in Fact 2.3, and an isomorphism
(L|XU ,∇|XU ) ≃ (C, d−
√−1txdθ)) which covers the symplectomorphism.
Proof. First let us choose an action-angle coordinate chartXU ≃ V×T n with
U contractible, and denote the coordinate by (x′, θ′). Since U is contractible
and the fibers are Lagrangian, ω|XU is exact. So L|XU is trivial as a hermitian
line bundle, and taking a trivialization we have (L|XU ,∇|XU ) ≃ (V × T n ×
C, d−√−1β), where β ∈ Ω1(V × T n). Since we have ∇2 = −√−1ω, we see
that β − txdθ is closed and defines a class (τi)ni=1 in H1dR(V × T n;R) ≃ Rn,
and we can write
β − txdθ =
n∑
i=1
τidθi + df
for some f ∈ C∞(V × T n). Setting U := V + (τi)i, we define the bundle
isomorphism,
V × T n × C→ U × T n × C, (x, θ, v) 7→ (x+ (τi)i, θ, e−
√−1f(x,θ)v).
This gives the desired isomorphism. 
Given a Lagrangian fiber bundle with a prequantum line bundle, the
restriction of the prequantum line bundle to each fibers is a flat line bundle.
Also remark that, the flat connection on the fiberwise tangent bundle ker dµ
induces the canonical flat connection on the vertical half-density bundle
|Λ|1/2(ker dµ)∗.
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Definition 2.9. Assume we are given a pre-quantized symplectic mani-
fold (X,ω,L,∇) equipped with a proper Lagrangian fiber bundle structure
µ : X → B with connected fibers.
(1) A point b ∈ B is called a k-Bohr-Sommerfeld point if the space of
fiberwise parallel sections of (Lk,∇) is nontrivial.
(2) For each k, let Bk ⊂ B denote the set of k-Bohr-Sommerfeld points.
We define the quantum Hilbert space of level k associated to the real
polarization ker dµ⊗ C ⊂ TX ⊗C by
Hk = ⊕b∈BkH0(Xb;Lk ⊗ |Λ|1/2Xb),(2.10)
where |Λ|1/2Xb = |Λ|1/2(ker dµ)∗|Xb is the vertical half-density bun-
dle, equipped with the canonical flat connection.
Example 2.11. In the example (X,ω,L,∇) = (Rn × T n, tdx ∧ dθ,C, d −√−1txdθ), the set of k-Bohr-Sommerfeld point is given by Bk = Znk ⊂ Rn.
For each b ∈ Bk we have
H0(Xb;L
k ⊗ |Λ|1/2Xb) = C · {e
√−1k〈b,θ〉√d′θ},(2.12)
where d′θ := (2π)−n/2dθ be the normalized measure on T n. The quantum
Hilbert space Hk is the direct sum, over Bk, of the above one-dimensional
Hilbert spaces.
3. The construction
3.1. The model case — on Rn × T n. In this subsection, as a model
case, as well as a building block of the deformation quantization solving the
Problem 1.4, we consider the following settings. Let X = Rn×T n equipped
with the standard symplectic structure tdx∧dθ and the Lagrangian fibration
µ : Rn × T n → Rn, (x, θ) 7→ x. Equip X with the canonical prequantizing
line bundle (L = C,∇ = d−√−1txdθ).
We denote by {ψkb }b∈Bk the orthonormal basis of Hk given in (2.12),
namely
ψkb := e
√−1k〈b,θ〉√d′θ ∈ Hk.
Now we construct a adjoint-preserving linear map
φk : C∞c (X)→ B(Hk).
Assume we are given a function f ∈ C∞c (X). Using the canonical basis of
Hk given in (2.12), the operator φk(f) is identified by a Bk × Bk-matrix
{Kf (b, c)}b,c∈Bk . Matrix elements Kf (b, c) for b, c ∈ Bk is given as follows.
Kf (b, c) :=
∫
Tn
e−
√−1k〈b−c,θ〉f((b+ c)/2, θ)d′θ.(3.1)
In other words, Kf (b, c) is given by the k(b− c)-th coefficient in the Fourier
expansion of f(c, θ). This is regarded as a discrete analogue of the formula
(1.5). It is easy to see this formula takes a real-valued function to a self-
adjoint operator, thus the linear map φk is adjoint-preserving. Note that we
are using the value of a function at the middle point (b + c)/2, in order to
make this map adjoint-preserving.
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The formula (3.1) gives, a priori, a densely defined possibly unbounded
operator φk(f) on Hk. We are going to prove that that this operator is
bounded in Lemma 3.3.
As a preparation, we give an easy estimate of norms of bounded operators.
We are going to use this lemma throughout this paper, in order to estimate
norms of operators whose entries are concentrated near the diagonal.
Lemma 3.2. Fix a positive integer n. Let H be a separable Hilbert space,
and assume that we are given an complete orthonormal basis {ψx}x∈Zn for
H labelled by Zn. Let A be a possibly unbounded densely defined linear
operator on H, defined in terms of matrix coefficients with respect to the
basis {ψx}x∈Zn , denoted by K(x, y) for (x, y) ∈ Zn. Then we have
‖A‖ ≤
∑
m∈Zn
(
sup
x∈Zn
|K(x+m,x)|
)
.
Proof. For x ∈ Zn, let Px ∈ B(H) be the orthogonal projection onto the
one-dimensional subspace C · ψx ⊂ H. We decompose
A =
∑
m∈Zn
(∑
x∈Zn
Px+mAPx
)
.
For each m ∈ Zn, we define the ”shift by m” operator Sm ∈ U(H) by the
formula
Sm(ψx) := ψx+m,
for each x ∈ Zn. For each m, we have∑
x∈Zn
Px+mAPx = Sm · diag({K(x+m,x)}x∈Zn),
where diag({K(x +m,x)}x∈Zn) means the diagonal operator with respect
to the orthonormal basis {ψx}x, whose x-th entry is given by K(x+m,x).
So the norm is given by∥∥∥∥∥∑
x∈Zn
Px+mAPx
∥∥∥∥∥ = ‖diag({K(x+m,x)}x∈Zn)‖
= sup
x∈Zn
|K(x+m,x)| .
So we get
‖A‖ ≤
∑
m∈Zn
∥∥∥∥∥∑
x∈Zn
Px+mAPx
∥∥∥∥∥
=
∑
m∈Zn
(
sup
x∈Zn
|K(x+m,x)|
)
.

Lemma 3.3. For f ∈ C∞c (X), the linear operator φk(f) defined in terms
of the matrix coefficient in (3.1) is a bounded operator on Hk.
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Proof. Let f(x, θ) =
∑
m∈Zn fm(x)e
√−1〈m,θ〉 be the fiberwise Fourier ex-
pansion of f . Since f is smooth and compactly supported, there exists a
constant C such that we have
‖fm‖C0 ≤
C
(1 + |m|)n+1
for all m ∈ Zn. We apply Lemma 3.2 to the operator φk(f) (the index set
Bk =
Zn
k of the orthonormal basis for Hk is rescaled to Zn in the obvious
way). By (3.1), we have∣∣∣Kf (x+ m
k
, x
)∣∣∣ = ∣∣∣fm (x+ m
2k
)∣∣∣ ≤ C
(1 + |m|)n+1 ,
for all x ∈ Bk. So we get
‖φk(f)‖ ≤ C
∑
m∈Zn
1
(1 + |m|)n+1 < +∞.

Now we consider a more coordinate-free way to express (3.1). First we
note the following. Using the product structure X = Rn×T n and the trivi-
alization of L, for any points b, c ∈ Rn we get the explicit affine isomorphism
Xb ≃ X(b+c)/2 ≃ Xc ≃ T n,(3.4)
and the explicit ismomorphism of line bundles
L|Xb ≃ L|X(b+c)/2 ≃ L|Xc ≃ T n × C(3.5)
that covers (3.4). Using the isomorphisms (3.4) and (3.5), we can regard
a function Fb ∈ C∞(Xb) or a section ξb ∈ C∞(Xb;L|Xb) as an element in
C∞(T n). So we can multiply a section ξc ∈ C∞(Xc;L|Xc) by a function
on a different fiber, Fb ∈ C∞(Xb) to get an elemeent Fb · ξc ∈ C∞(T n) ≃
C∞(Xc;L|Xc). Since the vertical half-density bundle |Λ|1/2(ker dµ)∗ is equipped
with the canonical flat connection, we also get a well-defined pairing of sec-
tions of L⊗ |Λ|1/2(ker dµ)∗ between different fibers, denoted by 〈·, ·〉Tn .
After these preparations, we proceed to give a more coordinate-free way
to express (3.1). The following formula follows directly from the definition.
Lemma 3.6. We have
Kf (b, c) = 〈ψkb , f |X(b+c)/2 · ψkc 〉Tn ,
where the left hand side is defined in (3.1).
Definition 3.7. For k ∈ N, we define the adjoint-preserving linear map
φk : C∞c (X)→ B(Hk)
by the formula
φk(f)(ψkc ) =
∑
b∈Bk
〈ψkb , f |X(b+c)/2 · ψkc 〉Tn · ψkb .(3.8)
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Example 3.9. Assume f ∈ C∞c (X) is a pullback of a function f0 ∈ C∞c (Rn)
on the base Rn, i.e., f does not depend on θ. Then φk(f) is just the diagonal
multiplication operator by the value of f0 at each point on Bk,
Kf (b, c) =
{
f0(c) if b = c,
0 otherwise.
Example 3.10. Assume f can be expressed as f(x, θ) = fm(x)e
√−1〈m,θ〉 for
some m ∈ Zn and a function fm ∈ C∞c (Rn). Then we have
Kf (b, c) =
{
fm (c+m/(2k)) if b = c+m/k,
0 otherwise.
We see that the function e
√−1〈m,θ〉 plays the role of ”m/k-shift”, and if we
let k →∞, the matrix elements of this operator concentrate to the diagonal.
More generally, if f can be expressed as f =
∑
|m|≤M fm(x)e
√−1〈m,θ〉 for
some M < ∞, we have Kf (b, c) 6= 0 only when |b − c| ≤ M/k. So also in
this case the matrix elements concentrate to the diagonal as k →∞.
In fact, the ”concentration to the diagonal” of the matrix elements of the
operator φk(f) as k → ∞ seen in the above examples holds in general, be-
cause the Fourier coefficients of smooth function on T n is rapidly decreasing.
Basically, this is why we can extend this construction to general Lagrangian
fiber bundles in the next subsection.
The goal of the rest of this subsection is to prove that the maps {φk}k∈N
is a strict deformation quantization of (X,ω). Actually, in this model case,
it is easy to explicitely compute the asymptotic behavior of φk(f)φk(g) as
k →∞ for f, g ∈ C∞c (X). We show that this recovers the standard Moyal-
Weyl star product on
(
C∞(Rn × T n)[[~]], tdx ∧ dθ).
First we recall the definition of Moyal-Weyl star product on (R2n, ω) with
a translation invariant symplectic form ω = 12ωijdx
i ∧ dxj . For functions
f, g ∈ C∞(R2n), the Moyal-Weyl star product is defined by
(f ∗ g)(x) := exp
(
~
2
ωij∂yi∂zj
)
f(y)g(z)|y=z=x.
We denote the coefficient of ~j of the star product by Cj(f, g) ∈ C∞(R2n),
so that
f ∗ g =
∞∑
j=0
Cj(f, g)~j .
Consider case where R2n = Rn × Rn with the coordinate (x, y) and the
symplectic form is the standard one ω = tdx ∧ dy. This induces a star
product on the quotient space, (Rn × T n, tdx∧ dθ), denoted by ∗std. This is
given by the formula,
(f ∗std g)(x, θ) := exp
(
~
2
∑
i
(
∂x′i∂θ′′i − ∂x′′i ∂θ′i
))
f(x′, θ′)g(x′′, θ′′)
∣∣∣∣∣
(x′,θ′)=(x′′,θ′′)=(x,θ)
.
(3.11)
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We still call this star product as the standard Moyal-Weyl star product.
We denote by Cstdj (f, g) ∈ C∞(Rn × T n) the corresponding coefficient with
respect to the star product ∗std for f, g ∈ C∞(Rn × T n).
Proposition 3.12. The linear map φk : C∞c (X) → B(Hk) defined in Defi-
nition 3.7 satisfies, for all f, g ∈ C∞c (X) and l ∈ N,∥∥∥∥∥∥φk(f)φk(g) −
l∑
j=0
(−√−1
k
)j
φk
(
Cstdj (f, g)
)∥∥∥∥∥∥ = O
(
1
kl+1
)
as k →∞.
Proof. Fix f, g and l. We denote the Fourier expansion of f , g by fm, gm
as usual. The matrix coefficient of φk(f)φk(g), denoted by Kφk(f)φk(g)(·, ·),
is given by
Kφk(f)φk(g)
(
x+
p
k
, x
)
=
∑
m∈Zn
Kf
(
x+
p
k
, x+
m
k
)
Kg
(
x+
m
k
, x
)
=
∑
m∈Zn
fp−m
(
x+
p+m
2k
)
gm
(
x+
m
2k
)
.(3.13)
The proof is given by performing the Taylor expansion of fp−m and gm
around the point x+ p2k in the above formula.
For simplicity, we only give the proof in the case n = 1. The proof is
essentially the same for general n. Define the operator Bk,lerr on Hk by
Bk,lerr := φ
k(f)φk(g) −
l∑
j=0
(−√−1
k
)j
φk
(
Cstdj (f, g)
)
.
The standard Moyal-Weyl star product is explicitly given by
Cstdj (f, g) =
1
2j
j∑
i=0
(−1)i−j
j!(i − j)!
(
∂ix∂
j−i
θ f
)
· (∂j−ix ∂iθg)
So the p-th Fourier coefficient of this function is given by
(
Cstdj (f, g)
)
p
=
(√−1
2
)j j∑
i=0
(−1)i−j
j!(i − j)!
∑
m∈Z
(p−m)j−if (i)p−m ·mig(j−i)m .
(3.14)
On the other hand, the Taylor expansion of fp−m and gm gives, formally,
fp−m
(
x+
p+m
2k
)
=
∞∑
i=0
1
i!
(m
2k
)i
f
(i)
p−m
(
x+
p
2k
)
(formally)
gm
(
x+
m
2k
)
=
∞∑
i=0
1
i!
(
m− p
2k
)i
g(i)m
(
x+
p
2k
)
(formally).
Thus the formula (3.13) admits an expansion, at least formally,
Kφk(f)φk(g)
(
x+
p
k
, x
)
=
∞∑
j=0
(
1
2k
)j j∑
i=0
(−1)i−j
j!(i − j)!
∑
m∈Z
(p−m)j−if (i)p−m ·mig(j−i)m .
(3.15)
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By (3.14) and (3.15), we see that, in the above formal expansion, the matrix
elements K
Bk,lerr
(x+ pk , x) of B
k,l
err is O(k−(l+1)) with respect to k.
Now we give estimates for the error terms and prove the statement. For
simplicity we only prove in the case n = 1 and l = 1. The proof is essentially
the same for the general case. Put Akerr := k2Bk,1err. Namely we have
Akerr := k2
(
φk(f)φk(g) − φk(fg)− −
√−1
2k
φk({f, g})
)
.
We need to show supk ‖Akerr‖ < +∞. We denote by Kkerr(x, y) the matrix
element of Akerr for (x, y) ∈ Bk ×Bk.
Since f and g are smooth and compactly supported, for each N ∈ N there
exists a constant CN such that, for all m ∈ Z we have
‖fm‖, ‖gm‖, ‖f ′m‖, ‖g′m‖, ‖f ′′m‖, ‖g′′m‖ < CN (|m|+ 1)−N ,(3.16)
where ‖ · ‖ denotes the C0-norm.
By (3.16), we have∣∣∣∣fp−m(x+ p+m2k
)
−
(
fp−m
(
x+
p
2k
)
+
m
2k
f ′p−m
(
x+
p
2k
))∣∣∣∣ ≤ |m|28k2 · C4(1 + |p−m|)4∣∣∣∣gm (x+ m2k)−
(
gm
(
x+
p
2k
)
− p−m
2k
g′m
(
x+
p
2k
))∣∣∣∣ ≤ |p−m|28k2 · C6(1 + |m|)6
We also have the estimate
‖fp−m‖+ |m|
2k
‖f ′p−m‖ ≤
(1 + |m|)C4
(1 + |p−m|)4 , and ‖gm‖+
|p −m|
2k
‖g′m‖ ≤
(1 + |p−m|)C6
(1 + |m|)6
Combining the above estimates and (3.13) and (3.14) for j = 0, 1, we have∣∣∣Kkerr (x+ pk , x)∣∣∣
≤ k2
∑
m∈Z
( |m(p−m)|
4k2
‖f ′p−m‖ · ‖g′m‖+
C4C6
8k2(1 + |m|)4(1 + |p −m|)3
+
C4C6
8k2(1 + |m|)5(1 + |p −m|)2 +
C4C6
64k4(1 + |m|)4(1 + |p−m|)2
)
≤
∑
m∈Z
C4C6
(
1
4
+
1
8
+
1
8
+
1
64
)
1
(1 + |m|)4(1 + |p−m|)2
≤ C
′
(1 + |p|)2 ,
where we put
C ′ := C4C6
(
1
4
+
1
8
+
1
8
+
1
64
)∑
m∈Z
1
(1 + |m|)2 < +∞
and used the inequality (1 + |m|)(1 + |p − m|) ≥ 1 + |p|. So we have, by
Lemma 3.2,
‖Akerr‖ ≤
∑
p∈Z
(
sup
x∈Bk
∣∣∣Kkerr (x+ pk , x)∣∣∣
)
≤
∑
p∈Z
C ′
(1 + |p|)2 .
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This gives a bound for ‖Akerr‖ which does not depend on k, so we get the
result.

Proposition 3.17. The linear map φk : C∞c (X) → B(Hk) defined in Defi-
nition 3.7 satisfies, for all f ∈ C∞c (X),
‖φk(f)‖ → ‖f‖C0 .
as k →∞.
Proof. First we observe the following.
Lemma 3.18. Let F =
∑
m∈Zn Fme
√−1〈m,θ〉 ∈ C∞(T n), and consider the
operator Φk(F ) ∈ B(Hk) such that the corresponding matrix coefficient, de-
noted by KF (x, y) for (x, y) ∈ Bk, is given by
KF
(
x+
m
k
, x
)
:= Fm,
for all x ∈ Bk and m ∈ Zn. Then we have
‖Φk(F )‖ = ‖F‖C0 .
Notice that if we regard F as a function on X = Rn × T n by F˜ (x, θ) =
F (θ), then the operator Φk(F ) should be regarded as ”φk(F˜ )”, even though
φk(F˜ ) is not defined because F˜ is not compactly supported.
Proof. We have a unitary isomorphism
Hk ≃ L2(T n)
ψkm/k 7→ e
√−1〈m,θ〉.
Under this isomorphism, the operator Ψk(F ) transforms to the multiplica-
tion operator by F on L2(T n), and this operator norm is ‖F‖C0 . 
Proposition 3.17 is, very roughly, understood as follows. As k →∞, the
operator φk(f) reflects the behavior of f only locally in Rn-direction (see
Example 3.10), and on a sufficiently small neighbourhood of a point x ∈ Rn,
the function f is close to a function which is invariant in Rn-direction, and
Lemma 3.18 applies asymptotically. Since the proof is long (although very
elementary) and not essential for the rest of the paper, we give a detailed
proof in the Appendix. 
Combining Proposition 3.12 and Proposition 3.17, we get the following.
Theorem 3.19. The family of adjoint-preserving linear maps {φk}k∈N,
φk : C∞c (Rn × T n) → B(Hk), defined in Definition 3.7, is a strict defor-
mation quantization for (Rn × T n, tdx ∧ dθ).
3.2. The general case. In this subsection we generalize the construction of
the strict deformation quantization for the general case. Let (X2n, ω, L,∇, h)
be a prequantized symplectic manifold equipped with a proper Lagrangian
fiber bundle µ : X → B with connected fibers. The following two additional
datum are needed for the construction of our strict deformation quantiza-
tion.
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(H) A smooth horizontal distribution H ⊂ TX for the fibration µ,
TX = H ⊕ ker dµ,(3.20)
which is, choosing any local action-angle coordinate (x, θ) ∈ U ′×Tn,
invariant in the T n-direction. This condition does not depend on the
choice of the coordinate, and it is clear that such a splitting always
exists.
(U) An open covering U of B with the following properties.
(U1) U is locally finite. Moreover, each element U ∈ U admits an
open affine embedding into Rn and its image is convex in Rn.
(U2) For any two elements U, V ∈ U , the intersection U ∩ V also
admits an open affine embedding into Rn with convex image
(in particular it is connected).
(U3) For each U ∈ U , U is a compact subset of B.
We are going to construct a deformation quantization from these datum.
As we will see, the choice of the horizontal distribution H is essential for our
construction, but the choice of U is only technical, and the different choice of
U yields essentially the same deformation quantization (Proposition 3.35).
We also remark that we can drop the condition (U3) and just require that
each U admits an affine open embedding into Rn (see Remark 3.36). We
require this condition just in order to simplify the estimates.
Given a path γ in B from b ∈ B to c ∈ B, by the splitting (3.20), we get
the parallel transform
Tγ : Xb → Xc,(3.21)
which preserves the affine structure. Also the connection ∇ on L and the
canonical flat connection on |Λ|1/2(ker dµ)∗ gives the parallel transform
Tγ : L
k|Xb ⊗ |Λ|1/2Xb → Lk|Xc ⊗ |Λ|1/2Xc
which covers (3.21). We use the same notation for the parallel transform.
This allows us to define a pairing between sections ξkb ∈ C∞(Xb;Lk ⊗
|Λ|1/2Xb) and ξkc ∈ C∞(Xc;Lk ⊗ |Λ|1/2Xc), denoted by 〈ξkb , ξkc 〉γ .
We say that two points b, c ∈ B are close if there exists an element U ∈ U
such that b, c ∈ U . For such b, c ∈ B, we can take the unique affine linear
path γ from b to c in U and define, for sections ξkb ∈ C∞(Xb;Lk ⊗ |Λ|1/2Xb)
and ξkc ∈ C∞(Xc;Lk ⊗ |Λ|1/2Xc),
〈ξkb , ξkc 〉U := 〈ξkb , ξkc 〉γ .
This is well-defined by our assumptions on U .
Definition 3.22. Given a splitting as (3.20) and a covering U of B as above,
we define a adjoint-preserving linear map φkH,U : C
∞
c (X) → B(Hk) by the
following formula. For f ∈ C∞c (X), we define the operator φkH,U(f) by, for
c ∈ Bk and an element ψkc ∈ H0(Xc;Lk ⊗ |Λ|1/2Xc) ⊂ Hk,
φkH,U (f)(ψ
k
c ) :=
∑
b∈Bk ,b is close to c
〈ψkb , f |X(b+c)/2ψkc 〉U · ψkb ,
where ψkb ∈ H0(Xb;Lk⊗|Λ|1/2(Xb)) ⊂ Hk is any element with ‖ψkb ‖ = 1 (this
definition does not depend on this choice). Here, we denote by (b+c)/2 ∈ B
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the middle point between b and c with respect to the affine structure on an
open set U ∈ U which contains both b and c, and we regard f |X(b+c)/2 ∈
C∞(X(b+c)/2) as a function on Xc using the parallel transform (3.21) along
the affine linear path between (b+ c)/2 and c in U .
Again it is easy to see that this map is adjoint-preserving, thanks to the
fact that we are using the value of function at the fiber over the middle
point.
Example 3.23. If a function f ∈ C∞c (X) is a pullback of a function on B,
then φkH,U (f) is the multiplication operator by its value at Bk. In other
words, if we write f = µ∗f0 for f0 ∈ C∞c (B) we have
φkH,U (µ
∗f0)ψkb = f0(b)ψ
k
b
for any b ∈ Bk and ψkb ∈ H0(Xb;Lk ⊗ |Λ|1/2Xb) ⊂ Hk.
The goal of this subsection is to prove that the family of maps defined in
Definition 3.22 is a strict deformation quantization. From now on until the
end of this subsection, we fix H and U satisfying the conditions in (H) and
(U) above, and moreover,
• We fix an action-angle coordinate onXU and a trivialization (L|XU ,∇|XU ) =
(C, d−√−1txdθ) for each U ∈ U (see Lem 2.8).
Let us focus on an element U ∈ U . Since H is invariant in the fiber
direction, using the fixed action-angle coordinate we can write H as
H = Span
{
∂
∂xj
+Aij
∂
∂θi
}
1≤j≤n
,(3.24)
for some Aj = (A
i
j) ∈ C∞(U ;Rn), j = 1, · · · , n. We regard A = Ajdxj ∈
C∞(U ;T ∗U ⊗ Rn). Using the flat connection on U ⊂ B, we get ∇A|U ∈
C∞(U ;T ∗U ⊗ T ∗U ⊗Rn) given by
∇Ai = ∂A
i
j
∂xl
dxl ⊗ dxj.
We denote by ‖∇A‖U the C0(U)-norm of ∇A with respect to the flat metric
on U induced by the Euclidean metric of the action coordinate. Remark that
A is only defined on U and depends on the action-angle coordinate chosen
on U .
Lemma 3.25. Fix an element U ∈ U . Using the fixed action-angle coordi-
nate and trivialization on XU as above, take an orthonormal basis {ψkx}x∈ Zn
k
∩U
of Hk|U given by
ψkx = e
√−1k〈x,θ〉√d′θ ∈ H0(Xx;Lk ⊗ |Λ|1/2(Xx)).
For a function f ∈ C∞c (X), denote the matrix coefficient of φkH,U (f)|HkU with
respect to the above orthonormal basis by {Kkf (x, y)}x,y∈ Zn
k
∩U . Denote the
Fourier expansion of f |XU by f(x, θ) =
∑
m∈Zn fm(x)e
√−1〈m,θ〉.
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Then we have, for any points x, x+mk ∈ Z
n
k ∩U such that Kkf (x+mk , x) 6= 0,
Kkf (x+
m
k , x)
fm(x+
m
2k )
∈ U(1),(3.26)
and the value of (3.26) does not depend on f as long as fm(x +
m
2k ) 6= 0.
Moreover, we have∣∣∣∣∣arg
(
Kkf (x+
m
k , x)
fm(x+
m
2k )
)∣∣∣∣∣ ≤ 524‖∇A‖U |m|3k2 .(3.27)
Here A ∈ C∞(U ;T ∗U ⊗ Rn) is defined in (3.24).
Proof. When m = 0 the result is obvious. Fix k, a point x ∈ Znk ∩ U and
m 6= 0 ∈ Zn with x + mk ∈ Z
n
k ∩ U . Let u := m|m| be the unit vector in the
m-direction. Denote by γ = [x, x + mk ] the line segment from x to x +
m
k
in U , and denote by γ˜ : [x, x + mk ] → U × T n = XU the horizontal lift of
[x, x+ mk ] with respect to the splitting (3.20) which passes through the point
(x+ m2k , 0). Define α :
[
− |m|2k , |m|2k
]
→ T n by
γ˜
(
tu+ x+
m
2k
)
=
(
tu+ x+
m
2k
, α (t)
)
.
We have α(0) = 0. We regard u := m/|m| ∈ C∞(U ;TU), and α satisfies
α′(t) = A(u)|tu+x+m/(2k),(3.28)
α′′(t) = ∇uA(u)|tu+x+m/(2k).
So we get, for all t ∈ [− |m|2k , |m|2k ]
|α(t)− α′(0)t| ≤ ‖∇A‖U
2
t2,(3.29)
|α′(t)− α′(0)| ≤ ‖∇A‖U t.
We are going to compute the pairings between elements of C∞(Xx;Lk ⊗
|Λ|1/2Xx) and C∞(Xx+m
k
;Lk ⊗ |Λ|1/2Xx+m
k
) by pulling back to the mid-
dle fiber Xx+m
2k
. So from now on, only in this proof we write the parallel
transport along subsets of the segment γ by
Tt : Xx+m
2k
→ Xtu+x+m
2k
,
Tt : L|Xx+ m
2k
→ L|Xtu+x+ m
2k
.
Then, for t ∈
[
− |m|2k , |m|2k
]
and a function g ∈ C∞(Xtu+x+m
2k
), we have
(T ∗t g)(θ) = g(θ + α(t)).(3.30)
Let E ∈ C∞(XU ;L) be the section which gives the trivialization of L as in
the statement. Then, since it satisfies ∇E = −√−1txdθ ⊗ E, the section
E˜k ∈ C∞(Xγ ;Lk) given by
E˜k|Xtu+x+ m
2k
:= exp
(√−1k ∫ t
0
〈
su+ x+
m
2k
, α′(s)
〉
ds
)
Ek,
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satisfies
T ∗t E˜k|Xtu+x+ m
2k
= Ek|Xx+ m
2k
.
We have
ψkx = exp
(
√−1k〈x, θ〉 − √−1k
∫ −|m|/2k
0
〈
su+ x+
m
2k
, α′(s)
〉
ds
)
E˜k
√
d′θ,
(3.31)
ψkx+m
k
= exp
(
√−1k
〈
x+
m
k
, θ
〉
−√−1k
∫ |m|/2k
0
〈
su+ x+
m
2k
, α′(s)
〉
ds
)
E˜k
√
d′θ.
Combining (3.30) and (3.31), for f(x, θ) =
∑
m∈Zn fm(x)e
√−1〈m,θ〉 we have
Kkf (x+
m
k
, x)
=
〈(
T ∗|m|
2k
ψkx+m
k
)
,
(
f |Xx+m
2k
· T ∗− |m|
2k
ψkx
)〉
= exp
(√−1k{−〈x+ m
k
, θ + α
( |m|
2k
)〉
+
∫ |m|/2k
0
〈
su+ x+
m
2k
, α′ (s)
〉
ds
+
〈
x, θ + α
(
−|m|
2k
)〉
−
∫ −|m|/2k
0
〈
su+ x+
m
2k
, α′ (s)
〉
ds
}
+
√−1 〈m, θ〉
)
· fm
(
x+
m
2k
)
= exp
(
√−1k
{
−
〈
m
2k
, α
( |m|
2k
)
+ α
(
−|m|
2k
)〉
+
∫ |m|/2k
−|m|/2k
〈
su, α′ (s)
〉
ds
})
· fm
(
x+
m
2k
)
.
(3.32)
This implies (3.26), as well as the independence of the value (3.26) on f .
Moreover, by (3.29), we have∣∣∣∣〈m2k , α
( |m|
2k
)
+ α
(
−|m|
2k
)〉∣∣∣∣ ≤ ‖∇A‖U ( |m|2k
)3
,
|
∫ |m|/2k
−|m|/2k
〈su, α′(s)〉ds| ≤
∫ |m|/2k
−|m|/2k
‖∇A‖Us2ds = 2‖∇A‖U
3
( |m|
2k
)3
.
Thus we get, ∣∣∣∣∣arg
(
Kkf (x+
m
k , x)
fm(x+
m
2k )
)∣∣∣∣∣ ≤ 524‖∇A‖U |m|3k2 ,
which proves (3.27). 
Now we state our main theorem.
Theorem 3.33. The linear map φkH,U : C
∞(X) → B(Hk) given in Defini-
tion 3.22 satisfies, for all f, g ∈ C∞c (X),∥∥∥∥φkH,U(f)φkH,U (g) − φkH,U(fg)− −√−12k φkH,U({f, g})
∥∥∥∥ = O( 1k2
)
as k →∞.
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Proof. In this proof, we write φk = φkH,U . First, informally we compute,
for x, x + pk ∈ U for some U ∈ U , using Lemma 3.25, and denoting by
Kφk(f)φk(g)(·, ·) the matrix coefficient of φk(f)φk(g),
Kfg
(
x+
p
k
, x
)
=
(
1 +O
( |p|3
k2
)) ∑
m∈Zn
(fp−mgm)|x+ p
2k
,
K{f,g}
(
x+
p
k
, x
)
=
√−1
(
1 +O
( |p|3
k2
)) ∑
m∈Zn
{〈m,∇fp−m〉 · gm − fp−m · 〈(p−m) ,∇gm〉}|x+ p
2k
,
Kφk(f)φk(g)
(
x+
p
k
, x
)
=
∑
m
fp−m
(
x+
p+m
2k
)
gm
(
x+
m
2k
)(
1 +O
( |p−m|3 + |m|3
k2
))
+ (error)
=
∑
m
(
1 +O
( |p−m|3 + |m|3
k2
)){((
fp−m +
〈m
2k
,∇fp−m
〉)∣∣∣
x+ p
2k
+O
( |m|2
k2
))
·
((
gm −
〈
p−m
2k
,∇gm
〉)∣∣∣∣
x+ p
2k
+O
( |p−m|2
k2
))}
+ (error).
Here the last equation uses the Taylor expansion of fp−m and gm. The terms
in the sum for Kφk(f)φk(g) is taken for m with x +m/k ∈ U , and the term
(error) comes from the contributions from those points b ∈ Bk \U which are
both close to x and x+ p/k, and we see below that this error term is indeed
negligible as k →∞. So, at least informally, we see that
Kφk(f)φk(g)
(
x+
p
k
, x
)
= Kfg
(
x+
p
k
, x
)
+
−√−1
2k
K{f,g}
(
x+
p
k
, x
)
+O
(
1
k2
)
.
So, what we have to do is to give appropriate estimates of the operator
norms (not only matrix coefficients) of the error terms. Since the proof is
long, we give a detailded proof in the Appendix. 
From this, we conclude that the maps {φkH,U}k∈N solves Problem 1.4.
Theorem 3.34. Let (X2n, ω, L,∇, h) be a prequantized symplectic manifold
equipped with a proper Lagrangian fiber bundle µ : X → B with connected
fibers. Assume we are given a horizontal distribution H ⊂ TX satisfying
the condition in (H) and an open covering U satisfying the conditions in
(U). Then, the family of adjoint-preserving linear maps {φkH,U}k∈N, defined
in Definition 3.22, is a strict deformation quantization for (X,ω).
Proof. The condition (1) in Definition 1.1 can be proved in a similar way as
in the proof of Proposition 3.17 and Theorem 3.33, so we leave the details
to the reader. The condition (2) follows from Theorem 3.33. 
As we remarked earlier, the choice of open covering U for B is not essential
in our construction, as follows.
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Proposition 3.35. Let (X2n, ω, L,∇, h) be a prequantized symplectic man-
ifold equipped with a proper Lagrangian fiber bundle µ : X → B with con-
nected fibers. Assume we are given a horizontal distribution H ⊂ TX sat-
isfying the condition in (H) and two choices of open coverings U and V
satisfying the conditions in (U). Then, for any function f ∈ C∞c (X), we
have
‖φkH,U (f)− φkH,V(f)‖ = O(k−N )
for all N ∈ N.
Proof. This follows easily from the fact that the Fourier coefficient of a
smooth function on T n are rapidly decreasing, as in (6.25). Indeed, using
this fact, we can show that matrix elements of φkH,U (f) − φkH,V(f) are of
O(k−N ) for any N ∈ N by a similar estimate as in the proof of Theorem
3.33, and the result follows. We leave the details to the reader. 
Remark 3.36. As should be obvious from the proof of Theorem 3.33 in the
Appendix, the assumption (U3) is not essential. Indeed, we may drop this
condition. We can define φkH,U in the same way, and show that Theorem 3.33
extends to this case. We put the condition (U3) only because it simplifies the
proof of Theorem 3.33. Since Proposition 3.35 also extends to this general
case, we lose nothing by requiring the condition (U3).
In particular, in our construction of φk in the model case Rn × T n in
subsection 3.1, we used such U , namely we set U = {Rn} (and set H = TRn).
Later in section 5, we again use this trivial non-relatively compact covering
for Rn and consider deformation quantizations (corresponding to non-trivial
H).
4. Star products
In this section we analyze the star products induced by the deformation
quantization defined in Section 3. Our construction is given by explicit
formula locally, so in principle we can compute higher terms of star products
in action-angle coordinates. In the case where the horizontal distribution H
is Lagrangian and integrable, we show in Theorem 4.3 that the star product
obtained from our strict deformation quantization conincides with the star
product given by the Fedosov’s construction [5]. In general cases, by an
explicite computation we check this coincidence up to second order term in
Theorem 4.7.
We consider the settings in subsection 3.2. We are given a prequantized
closed symplectic manifold (X2n, ω, L,∇) and a proper Lagrangian fiber
bundle structure µ : X → B with connected fibers. We fix a horizontal dis-
tribution H ⊂ TX and a finite open covering U of B satisfying conditions in
(H) and (U) in subsection 3.2. Let us consider the deformation quantization
{φkH,U}k defined in Definition 3.22 from these datum.
The horizontal distribution H associates a torsion-free symplectic connec-
tion ∇TX,H on TX, as follows. As a first step, we define a connection ∇˜TX,H
on TX, which does not necessarily preserve the symplectic form and possibly
has torsion. By the identification µ∗TB ≃ H and the flat connection on TB,
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we get the pullback connection on H. Moreover, the vertical tangent bun-
dle ker dµ admits the canonical flat connection. We define the connection
∇˜TX,H by the direct sum of these two connections, using TX = H ⊕ ker dµ.
This connection is locally described as follows. Let us focus on one open
set U ∈ U . We fix an action-angle coordinate onXU , and expressH onXU as
in (3.24) using a locally defined Rn-valued one-form A ∈ C∞(U ;T ∗U ⊗Rn).
Denote the Christoffel symbol of ∇˜TX,H with respect to the local frame
(∂x1 , · · · , ∂xn , ∂θ1 , · · · , ∂θn) by Γ˜···.
Lemma 4.1. We have
Γ˜θixlxj = −∂xlAij ,
and Γ˜··· = 0 for all other components.
Proof. The horizontal lift of ∂xj ∈ C∞(U ;TU) is given by ∂˜xj = ∂xj +Aij∂θi .
Since we have ∇˜TX,H∂xl ∂˜xj = 0 and ∇˜
TX,H
∂xl
∂θi = 0, we have
∇˜TX,H∂xl ∂xj = −∇˜
TX,H
∂xl
Aij∂θi = −
∂Aji
∂xl
∂θi .
The vanishing for other cases are obvious. 
Note that ∇˜TX,H is symplectic if and only if Γ˜θixlxj = Γ˜
θj
xlxi , and torsion-
free if and only if Γ˜θixlxj = Γ˜
θi
xjxl
, for all i, j, l. Now we define a torsion-free
symplectic connection ∇TX,H by symmetrization, as follows.
Definition 4.2. Assume we are given a symplectic manifold (X,ω) with
a proper Lagrangian fiber bundle µ : X → B as well as a horizontal dis-
tribution H satisfying the condition in (H) in subsection 3.2. In a locally
defined action-angle coordinate chart XU ≃ U × T n as above, we define a
connection on TXU by requiring its Cristoffel symbol Γ
··,· with respect to
the local frame (∂x1 , · · · , ∂xn , ∂θ1 , · · · , ∂θn) to be
Γθixlxj = −
1
6
(
∂lA
i
j + ∂lA
j
i + ∂iA
l
j + ∂iA
j
l + ∂jA
i
l + ∂jA
l
i
)
,
and Γ··· = 0 for other components. This construction does not depend on the
choice of action-angle coordinate, so we get a global torsion-free symplectic
connection on TX. We define ∇TX,H to be this connection.
Indeed, it is easily checked that the above symmetrization procedure of
Cristoffel symbols is compatible with the change of action-angle coordinates.
In general, for a symplectic manifold (X,ω), if we fix a torsion-free sym-
plectic connection ∇TX on X, for each closed element a ∈ ~Ω2(X)[[~]],
Fedosov’s construction [5] associates a star product on C∞(X)[[~]], denoted
by ∗H,a. Moreover Nest and Tsygan [8] showed that the set of equiva-
lence classes of star products is in one-to-one correspondence with the set
of equivalence classes of formal deformations of the symplectic structure,
~H2dR(X)[[~]]. In particular if we set a = 0, we get a star product ∗∇,0, which
is canonically associated to the torsion-free symplectic connection. Applying
this to our case, we have a canonical choice of star product corresponding to
the connection ∇TX,H and 0 ∈ ~Ω2(M)[[~]], denoted by ∗H,0 := ∗∇TX,H ,0.
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We denote by CH,0j (f, g) the j-th coefficient of ~ in f ∗H,0g for f, g ∈ C∞(X).
i.e., we have
f ∗H,0 g =
∞∑
j=0
CH,0j (f, g)~j .
First, we consider the symplest case when the horizontal distribution H
is Lagrangian and integrable. In this case ∇˜TX,H is already torsion-free and
symplectic, and we have ∇˜TX,H = ∇TX,H .
Theorem 4.3. Assume the horizontal distribution H is Lagrangian and
integrable. Then we have, for all f, g ∈ C∞c (X) and l ∈ N,∥∥∥∥∥∥φkH,U (f)φkH,U (g) −
l∑
j=0
(−√−1
k
)j
φkH,U
(
CH,0j (f, g)
)∥∥∥∥∥∥ = O
(
1
kl+1
)
as k →∞.
Proof. We work on an element U ∈ U . SinceH is Lagrangian and integrable,
we can choose the action-angle coordinate on XU so that H = Span{∂xi}i.
Using this coordinate and regardingXU ⊂ Rn×T n, the star product ∗H,0 co-
incides with the standard Moyal-Weyl star product ∗std (see (3.11)). More-
over, our deformation quantization coincides with the one constructed in
the ”model case” (Rn×T n, tdx∧ dθ) in Subsection 3.1, modulo contribution
from the terms coming from outside U . So the result essentially follows from
Proposition 3.12. We need to show that the error terms coming from outside
U is O(k−N ) for any N ∈ N, and this is done in the similar way as in the
proof of Theorem 3.33. 
Next we turn to the general case, whereH is not necessarily symplectic or
integrable. Also in this case, we are able to show that our strict deformation
quantization induces a star product, denoted by ⋆H , and this star product
coincides with the above star product ∗H,0 up to order two in ~.
From now on we compute the order-two term of the expected star product.
Let us focus on one element U ∈ U and use the local notations as before.
Using the derivatives of Aij , we can explicitely compute the complex phase
appearing in (3.26).
Fix x, x + m/k ∈ U ∩ Znk . We use α :
[
− |m|2k , |m|2k
]
→ T n defined in the
proof of Lemma 3.25, constructed from the horizontal lift of the line segment
[x, x+m/k] in U with α(0) = 0. We regard u := m/|m| ∈ C∞(U ;TU), and
α satisfies
α′(t) = A(u)|tu+x+m/(2k)
=
1
|m|
∑
j
mjAj|tu+x+m/(2k),
α′′(t) =
1
|m|2
∑
j,l
mjml
∂Aj
∂xl
∣∣∣∣
tu+x+m/(2k)
.
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We compute the phase term in (3.32) as,
−
〈
m
2k
, α
( |m|
2k
)
+ α
(
−|m|
2k
)〉
+
∫ |m|/2k
−|m|/2k
〈
su, α′(s)
〉
ds
= − 〈u, α′′(0)〉( |m|
2k
)3
+
∫ |m|/2k
−|m|/2k
〈
su, α′′(0)s
〉
ds+O
( |m|4
k4
)
= − |m|
3
24k3
〈
u, α′′(0)
〉
+O
( |m|4
k4
)
.
So we get, for a function f ∈ C∞c (X),
Kkf (x+
m
k
, x)/fm(x+
m
2k
) = exp
(√−1{− |m|3
24k2
〈u, α′′(0)〉 +O
( |m|4
k3
)})(4.4)
= exp
√−1
− 124k2 ∑
i,j,l
mimjml∂lA
i
j |x+m/(2k) +O
( |m|4
k3
)

= 1−
√−1
24k2
∑
i,j,l
mimjml∂lA
i
j|x+m/(2k) +O
( |m|4
k3
)
.
Here we denoted ∂lA
i
j :=
∂Aij
∂xl
. We define a symmetric tree tensor Θ ∈
C∞(U ;S3(T ∗U)) as,
Θ :=
∑
i,j,l
Θijldxi ⊗ dxj ⊗ dxl,(4.5)
Θijl :=
1
6
(
∂lA
i
j + ∂lA
j
i + ∂iA
l
j + ∂iA
j
l + ∂jA
i
l + ∂jA
l
i
)
.
and we also denote, for v ∈ C∞(U ;TU),
Θ(v) := Θ(v ⊗ v ⊗ v).(4.6)
Suppose we are given two functions f, g ∈ C∞c (X). By (4.4) we have
Kkfg
(
x+
p
k
, x
)
=
(
1−
√−1
24k2
Θ(p)|x+ p
2k
) ∑
m∈Zn
(fp−mgm)|x+ p
2k
+O(k−3),
Kk{f,g}
(
x+
p
k
, x
)
=
(
1−
√−1
24k2
Θ(p)|x+ p
2k
)
{f, g}p|x+ p
2k
+O(k−3),
Since we have
Kkf
(
x+
p
k
, x+
m
k
)
Kkg
(
x+
m
k
, x
)
=
(
1−
√−1
24k2
{
Θ(p−m)
(
x+
p+m
2k
)
+Θ(m)
(
x+
m
2k
)})
fp−m
(
x+
p+m
2k
)
gm
(
x+
m
2k
)
+O(k−3)
=
(
1−
√−1
24k2
{Θ(p−m) + Θ(m)} |x+ p
2k
)
(fp−mgm)|x+m
2k
+O(k−3)
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and
fp−m
(
x+
p+m
2k
)
=
{
fp−m +
〈m
2k
,∇fp−m
〉
+
1
2
t
(m
2k
)
H(fp−m)
(m
2k
)}∣∣∣∣
x+ p
2k
+O
( |m|3
k3
)
,
gm
(
x+
m
2k
)
=
{
gm −
〈
p−m
2k
,∇gm
〉
+
1
2
t
(
p−m
2k
)
H(gm)
(
p−m
2k
)}∣∣∣∣
x+ p
2k
+O
( |p−m|3
k3
)
.
If we denote byKkerr(·, ·) the matrix coefficients of the operator φkH,U(f)φkH,U (g)−
φkH,U (fg) +
√−1
2k φ
k
H,U ({f, g}), we get
Kkerr
(
x+
p
2k
, x
)
=
1
k2
∑
m
{
−
√−1
24
{Θ(p−m) + Θ(m)−Θ(p)}fp−mgm
+
1
8
{−2〈m,∇fp−m〉 · 〈p −m,∇gm〉+ fp−m · t(p−m)H(gm)(p −m) + tmH(fp−m)m · gm}
}∣∣∣∣
x+ p
2k
+O(k−3).
=
−1
k2
{∑
m
√−1
24
{Θ(p−m) + Θ(m)−Θ(p)}fp−mgm +
(
Cstd2 (f, g)
)
p
}∣∣∣∣∣
x+ p
2k
+O(k−3),
where Cstd2 (f, g) ∈ C∞(U ×T n) is the coefficient of ~ in the standard Moyal-
Weyl star product on Rn × T n, see (3.11). Since we have
{Θ(p−m) + Θ(m)−Θ(p)}fp−mgm = −3
√−1
∑
i,j,l
Θijl
(
∂fp−m
∂θi
∂2gm
∂θj∂θl
+
∂2fp−m
∂θj∂θl
∂gm
∂θi
)
,
we see that the second coefficient in the star product induced by the strict
deformation quantization {φkH,U}k should be given by
(f, g) 7→ 1
8
∑
i,j,l
Θijl
(
∂f
∂θi
∂2g
∂θj∂θl
+
∂2f
∂θj∂θl
∂g
∂θi
)
+ Cstd2 (f, g).
It is clear that we can continue this Taylor expansion with respect to k−1 for
higher orders, and get the higher coefficient of the star product recursively.
Summerizing, we get the followings.
Theorem 4.7. Let (X2n, ω, L,∇) be a prequantized symplectic manifold
equipped with a proper Lagrangian fiber bundle µ : X → B with connected
fibers. Assume we are given a horizontal distribution H satisfying the condi-
tion (H) in 3.2. Then, there exists a unique star product ⋆H on C
∞(X)[[~]]
satisfying the followings.
(1) If we denote by CHj (f, g) the j-th coefficient of ~ in f ⋆H g for f, g ∈
C∞(X). Then we have, for all f, g ∈ C∞c (X) and l ∈ N,∥∥∥∥∥∥φkH,U(f)φkH,U (g) −
l∑
j=0
(−√−1
k
)j
φkH,U
(CHj (f, g))
∥∥∥∥∥∥ = O
(
1
kl+1
)
as k → ∞. Here U is any choice of open covering of B satisfying
the conditions in (U) in subsection 3.2.
24 M. YAMASHITA
(2) For h1, h2 ∈ C∞(B), we have
µ∗h1 ⋆H µ∗h2 = µ∗(h1h2).
In other words, the commutative algebra C∞(B) canonically embeds
into (C∞(X)[[~]], ⋆H ).
(3) Up to order 2, this star product ⋆H coincides with the Fedosov’s
star product ∗H,0, corresponding to the connection ∇TX,H defined in
Definition 4.2 and 0 ∈ ~Ω2(X)[[~]], i.e., we have
CHj (f, g) = CH,0j (f, g) for j = 0, 1, 2.
The second coefficient is explicitely given by, choosing a local action-
angle coordinate,
CH2 (f, g) =
1
8
∑
i,j,l
Θijl
(
∂f
∂θi
∂2g
∂θj∂θl
+
∂2f
∂θj∂θl
∂g
∂θi
)
+ Cstd2 (f, g).(4.8)
Here Cstd2 is the second term in the standard Moyal-Weyl star product
on Rn × T n, and the locally defined symmetric three tensor Θ is
defined in (4.5).
Proof. For (1), in addition to the above argument, we must estimate the
operator norms of error terms. It is done essentially in the same way as
the proof of Theorem 3.33. (2) follows from the fact that for h ∈ C∞c (B),
φkH,U (µ
∗h) is a multiplication operator by h, so we have φkH,U(µ
∗h1)φkH,U (µ
∗h2) =
φkH,U (µ
∗(h1h2)).
For (3), the formula (4.8) follows from the above computations. To check
the desired coincidence, we use the formula for second order term in ∗∇,0
for torsion-free symplectic connection ∇ on TX (see [6, Proposition 2.13])
f ∗∇,0 g = fg + ~
2
{f, g}+ ~
2
8
ωijωkl∇2ikf∇2jlg +O(~3),
where ∇2XY f := (XY − ∇XY )f is the second covariant derivative, and
(ωij)ij is the inverse matrix of the coefficients in the symplectic form ω =
1
2ωijdxi ∧ dxj . Applying this to our case ∇ = ∇TX,H , by Definition 4.2, the
only nontrivial contribution from the covariant derivative is the terms
−~2
8
{
ωxlθlωxjθj (∇xl∂xj )f · ∂θl∂θjg + ωθlxlωθjxj∂θl∂θjf · (∇xl∂xj )g
}
=
~
2
8
Θijl
{
∂θif · ∂θl∂θjg + ∂θl∂θjf · ∂θig
}
,
so we see that CH,02 (f, g) is also given by the right hand side of (4.8), thus
we get the result. 
5. The relation with Berezin-Toeplitz quantization
In this section, we explain the relation between Berezin-Toeplitz quanti-
zation and our quantizations. Here we restrict our attention to the case of
R
n×T n (subsection 5.1) and abelian varieties (subsection 5.2) with transla-
tion invariant complex structures. In those cases we have a natural isomor-
phism between quantum Hilbert spaces using theta basis for L2-holomorphic
sections on Lk. We show in Theorem 5.7 and Theorem 5.13 that, as k →∞,
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the operator norm of the difference between our deformation quantization
and the Berezin-Toeplitz deformation quantization converges to zero in both
cases.
First we recall the definition of Berezin-Toeplitz deformation quantization
([4], [7]). Let (X,ω, J) be a symplectic manifold equipped with a compatible
complex structure, and (L,∇) be a prequantizing line bundle. Then the
quantum Hilbert space by this Ka¨hler polarization is given by the spaces of
L2-holomorphic sections {L2H0(XJ ;Lk)}k∈N. For each k ∈ N, let us denote
the orthogonal projection for the subspace L2H0(XJ ;L
k) ⊂ L2(XJ ;Lk) by
Πk.
Definition 5.1. In the above settings, for each k ∈ N, define a linear oper-
ator T k : C∞c (X)→ B
(
L2H0(XJ ;L
k)
)
by
T k(f) := ΠkMfΠ
∗
k : L
2H0(XJ ;L
k)→ L2H0(XJ ;Lk),
for f ∈ C∞c (X). Here Mf denotes the multiplication operator by f .
This sequence has the correct semiclassical behavior in the case where X
is compact, as shown by Bordemann, Meinrenken and Schlichenmaier [4].
Fact 5.2 ([4]). If (X,ω, J) is a compact Ka¨hler manifold, above sequence
{T k}k is a strict deformation quantization of C∞(X), called Berezin-Toeplitz
deformation quantization.
This fact has been generalized in various ways by Ma and Marinescu [7], in
particular to certain classes of non-compact Ka¨hler manifolds and orbifolds.
Their result includes the case of Rn × T n with translation invariant Ka¨hler
structure, which is of our interest in the following subsection 5.1.
5.1. On Rn×T n. In this subsection, we explain the convergence in the case
of translation invariant Ka¨hler quantizations on Rn × T n.
First we explain our convention on compatible almost complex structures
on Rn × T n. Let Hn := {Ω ∈ Mn(C) | Ω = tΩ, ImΩ is positive definite }
be the Siegel upper half space. Then, if we have an Hn-valued function
Ω ∈ C∞(Rn × T n;Hn), we get an almost complex structure on Rn × T n by
T 0,1(x,θ)(R
n × T n) = SpanC
{
∂
∂xi
+Ωij(x, θ)
∂
∂θj
}n
i=1
.
This is compatible with ω = tdx ∧ dθ.
In this subsection we only consider translation invariant complex struc-
tures, i.e., the case where Ω is constant. We denote this complex structure
by JΩ.
Let us consider the prequantum line bundle (L,∇) = (C, d − √−1txdθ).
If we have a section s ∈ C∞(Rn× T n;Lk), we denote its Fourier expansions
by
s(x, θ) =
∑
m∈Zn
sm(x)e
√−1〈m,θ〉.
Let k be a positive integer. It is easy to see that an orthonormal basis
{Ψk
Ω, l
k
}l∈Zn of L2-holomorphic sections on Lk is given by
(Ψk
Ω, l
k
)m = δl,m(2π)
−n/2ak,ImΩ exp
(√−1k/2 t(x− l/k) Ω (x− l/k)) ,(5.3)
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where ak,ImΩ > 0 is the normalization constant given by
(ak,ImΩ)
−2 =
∫
Rn
exp
(−ktx(ImΩ)x) dx.
We can write explicitely the Berezin-Toeplitz deformation quantization
using this basis as follows.
Lemma 5.4. For a function f ∈ C∞c (Rn × T n), we write the Fourier ex-
pansion of f as f =
∑
m∈Zn fm(x)e
√−1〈m,θ〉. Then we have
〈ΨkΩ,b, T k(f)ΨkΩ,c〉
= (ak,ImΩ)
2
∫
x∈Rn
fk(b−c)(x) exp(
√−1k/2{−t(x− b)Ω(x− b) + t(x− c)Ω(x− c)})dx.
The proof is straightforward.
Write Ω = P +
√−1Q, P,Q ∈Mn(R). We consider the splitting T (Rn ×
T n) = HP ⊕ ker dµ given by
HP |(x,θ) = Span
{
∂
∂xi
+ Pij
∂
∂θj
}
1≤i≤n
.(5.5)
for all (x, θ) ∈ Rn × T n.
Recall that the quantum Hilbert space by the real polarization µ is given
by
Hk = ⊕b∈ Zn
k
H0(Xb;L
k ⊗ |Λ|1/2Xb).
and we use the orthonormal basis {ψkb }b∈ Zn
k
, ψkb = e
√−1k〈b,θ〉√d′θ, as in
(2.12). We consider the strict deformation quantization in Definition 3.22
associated to the horizontal distribution HP and the trivial covering U =
{Rn} (see Remark 3.36), denoted by {φkHP }k.
For each k ∈ N, we get the canonical isomorphism between quantum
Hilbert spaces,
Hk ≃ L2H0(XJΩ ;Lk), ψkb 7→ ΨkΩ,b,(5.6)
for each b ∈ Znk . Using this isomorphism, we can describe the relation be-
tween Berezin-Toeplitz deformation quantization and our deformation quan-
tization as follows.
Theorem 5.7. Consider the complex structure on Rn × T n associated with
Ω = P +
√−1Q. For all f ∈ C∞c (Rn × T n), we have
lim
k→∞
‖φkHP (f)− T k(f)‖ = 0.
Here we use the isomorphism of Hilbert spaces (5.6).
Proof. By the coordinate change
R
n × T n → Rn × T n, (x, θ) 7→ (x,−Px+ θ),
the Berezin-Toeplitz deformation quantization and our deformation quanti-
zation, as well as the isomorphism (5.6), map to the ones for Ω =
√−1Q.
So we may assume P = 0.
First we note the following.
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Lemma 5.8. There exists a constant CQ > 0 only depending on Q such
that, for any function g ∈ C∞c (Rn), we have∣∣∣∣g(0) − (ak,Q)2 ∫
Rn
g(x) exp(−ktxQx)dx
∣∣∣∣ ≤ CQ‖∇g‖C0√k .
Proof. This follows from the estimate
|g(x) − g(0)| ≤ ‖∇g‖|x|
and
(ak,Q)
−2 =
∫
Rn
exp(−ktxQx)dx = k−n/2
∫
exp(−txQx)dx,∫
Rn
|x| exp(−ktxQx)dx = k−(n+1)/2
∫
|x| exp(−txQx)dx.

Lemma 5.9. Assume we are given a function f =
∑
m∈Zn fm(x)e
√−1〈m,θ〉 ∈
C∞(Rn× T n). For each N ∈ N, there exists a constant CN > 0, which only
depends on f and Q, such that, for all k ∈ N, p ∈ Zn and x0 ∈ Znk , we have
|〈ΨkΩ,x0+p/k, T k(f)ΨkΩ,x0〉 − fp(x0 + p/(2k))| ≤
CN√
k(1 + |p|)N .
Proof. We have
− t(x− (x0 + p/k))Ω(x− (x0 + p/k)) + t(x− x0)Ω(x− x0)
=
√−1
{
2t(x− (x0 + p/(2k)))Q(x − (x0 + p/(2k))) + 1
2k2
tpQp
}
.
By Lemma 5.4, we have
〈ΨkΩ,x0+p/k, T k(f)ΨkΩ,x0〉
= (ak,Q)
2 exp(−(4k)−1tpQp)
·
∫
x∈Rn
fp(x) exp{−kt(x− (x0 + p/(2k)))Q(x − (x0 + p/(2k)))}dx
= (ak,Q)
2 exp
(
− 1
4k
tpQp
)
·
∫
x∈Rn
fp(x+ (x0 + p/(2k))) exp(−ktxQx)dx
By Lemma 5.8, we have∣∣∣∣fp(x0 + p/(2k)) − (ak,Q)2 ∫
x∈Rn
fp(x+ (x0 + p/(2k))) exp(−ktxQx)dx
∣∣∣∣
≤ CQ‖∇fp‖√
k
.
Since we have |1− e−y| ≤ y for any y ≥ 0, we see∣∣∣〈ΨkΩ,x0+p/k, T k(f)ΨkΩ,x0〉 − fp(x0 + p/(2k))∣∣∣ ≤ CQ‖∇fp‖√k + ‖fp‖ ·
tpQp
4k
≤ CN√
k(1 + |p|)N ,
for some constant CN independent of k, x, p, since the Fourier coefficients
are rapidly decreasing. So we get the result. 
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Now we prove Theorem 5.7. Using the isomorphism (5.6), we regard
T k(f) as an operator on Hk. Using Lemma 3.2 and Lemma 5.9, we have
‖φkHP (f)− T k(f)‖ ≤
∑
p∈Zn
sup
x∈ Zn
k
{∣∣∣〈ΨkΩ,x0+p/k, T k(f)ΨkΩ,x0〉 − fp(x0 + p/(2k))∣∣∣}
≤ Cn+1√
k
∑
p∈Zn
1
(1 + |p|)n+1 ,
so we get the result.

5.2. On Abelian varieties. In this subsection we show the relation be-
tween Berezin-Toeplitz deformation quantization and our deformation quan-
tization in the case of Abelian varieties. For works relating geometric quan-
tization on Abelian varieties by different polarizations, see for example [2].
Let X = (R/Z)n × T n be the 2n-dimensional torus which is obtained by
the Zn-action on Rn × T n considered in the subsection 5.1, where m ∈ Zn
acts by the symplectomorphism
(x, θ) 7→ (x+m, θ),
and consider the induced symplectic structure ω = tdx ∧ dθ on X. We get
the induced Lagrangian fibration µ : X → Rn/Zn. The Zn-action lifts to an
action on the prequantizing line bundle (C,∇ = d−√−1txdθ) on Rn × T n
by
(x, θ, v) 7→ (x+m, θ, e
√−1〈m,θ〉v),(5.10)
preserving ∇. So we get the induced prequantizing line bundle on X, de-
noted by (L,∇). In this case, the set of k-Bohr-Sommerfeld point is given
by Bk = (
1
kZ/Z)
n ⊂ (R/Z)n. A section s ∈ C∞(X;Lk) is identified with a
section s˜ ∈ C∞(Rn × T n;C) with the periodicity property
s˜(x+m, θ) = e
√−1〈km,θ〉s˜(x, θ).
Fix an element Ω ∈ Hn. From a translation invariant complex structure
R
n × T n given by Ω as in subsection 5.1, we get the induced translation
invariant ω-compatible complex structure on X, also denoted by JΩ. An or-
thonormal basis {ΘkΩ,b}b∈Bk of H0(XJΩ ;Lk) is given by the following formula
for its lift Θ˜kΩ,b ∈ C∞(Rn × T n;Lk),
Θ˜kΩ,b =
∑
l∈Zn,[ l
k
]=b
Ψk
Ω, l
k
,(5.11)
where Ψk
Ω, l
k
is the basis of L2H0((Rn × T n)JΩ ;Lk) given in (5.3). It is easy
to see that this basis coincides with the classical Theta basis (see [2, Section
2.3]).
On the other hand, the orthonormal basis {ψkb }b∈ Zn
k
for the quantum
Hilbert space by the real polarization on Rn × T n as in (2.12) induces the
orthonormal basis for the quantum Hilbert space Hk by the real polariza-
tion µ on X, since {ψkb }b satisfies the equivariance property with respect to
the Zn-action (5.10). We denote the induced orthonormal basis on Hk by
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{ϑkb}b∈Bk . Using these basis, we get the canonical isomorphism of quantum
Hilbert spaces,
Hk ≃ H0(XJΩ ;Lk), ϑkb 7→ ΘkΩs,b,(5.12)
Corresponding to Ω = P +
√−1Q, we consider the horizontal distribution
HP ⊂ TX induced from (5.5).
We have the following relation between Berezin-Toeplitz deformation quan-
tization and our deformation quantization for this case.
Theorem 5.13. Consider the complex structure on X = (R/Z)n × T n as-
sociated with Ω = P +
√−1Q. Choose any open covering U of (R/Z)n
satisfying the conditions in (U) in subsection 3.2, and consider the asso-
ciated strict deformation quantization {φkHP ,U}k. For all f ∈ C∞c (X), we
have
lim
k→∞
‖φkHP ,U (f)− T k(f)‖ = 0.
Here we use the isomorphism of Hilbert spaces (5.12).
Proof. Let us fix a function f ∈ C∞c (X). We denote the lift of f to
R
n × T n by f˜ ∈ C∞(Rn × T n). Let us denote by T˜ k : C∞c (Rn × T n) →
B
(
L2H0((Rn × T n)JΩ ;Lk)
)
the Berezin-Toeplitz deformation quantization
on Rn×T n. First we easily observe that, we can define a bounded operator
T˜ k(f˜) ∈ B (L2H0((Rn × T n)JΩ ;Lk)) by the same formula as in Definition
5.1, by the periodicity of f˜ . For b, c ∈ Bk = ( 1kZ/Z)n, choose any lift
b¯, c¯ ∈ Znk . Then we have
〈Θkb , T k(f)Θkc 〉 =
∑
l∈Zn
〈Ψkb¯+l, T˜ k(f˜)Ψkc¯ 〉.
Note that if we denote the Foourier expansion f(x, θ) =
∑
m fm(x)e
√−1〈m,θ〉,
we have ∣∣∣〈Ψk
x0+
l
k
, T˜ k(f˜)Ψkx0〉
∣∣∣ ≤ ‖fl‖C0 .
Combining this and Lemma 5.9, as well as the fact that the Fourier coeffi-
cients of f are rapidly decreasing, we easily get the result. The details are
left to the reader. 
6. Appendix
6.1. A proof of Proposition 3.17. In this subsection, we give a detailed
proof of Proposition 3.17.
Proof of Proposition 3.17. For simplicity we only prove in the case where
n = 1; for general n the proof is essentially the same. Since the maps φk are
adjoint-preserving, it is enough to show in the case when f ∈ C∞c (X;R). In
this case, φk(f) is a self-adjoint operator for each k.
First we show that supk→∞ ‖φk(f)‖ ≤ ‖f‖C0 . Assume the contrary, and
take ǫ > 0 with ǫ < ‖f‖C0 so that
sup
k→∞
‖φk(f)‖ > ‖f‖C0 + ǫ.(6.1)
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Let us denote the Fourier expansion of f in the T -direction as
∑
m∈Z fm(x)e
√−1〈m,θ〉.
Since f is smooth and compactly supported, there exists a positive integer
M ∈ N such that ∑
|m|>M
‖fm‖C0 <
ǫ
100
.
Fix such M . Let f˜ ∈ C∞c (X) be the function defined by
f˜ :=
∑
|m|≤M
fm(x)e
√−1〈m,θ〉.(6.2)
It is easy to see that
‖f − f˜‖C0 <
ǫ
100
.(6.3)
Moreover, applying Lemma 3.2, for all k ∈ N we have
‖φk(f)− φk(f˜)‖ ≤
∑
|m|>M
‖fm‖C0 <
ǫ
100
.
So by our assumption (6.1), we have
sup
k→∞
‖φk(f˜)‖ > ‖f‖C0 +
ǫ
2
.(6.4)
Since fm ∈ C∞c (R) is smooth and compactly supported for each m, there
exists α > 0 such that for all m ∈ Z with |m| ≤M , we have,
|fm(x)− fm(y)| < ǫ
100(2M + 1)
for all |x− y| ≤ α.(6.5)
Let us choose k0 ∈ N such that
k0 ≥ 100M‖f‖C0
ǫα
, and ‖φk0(f˜)‖ ≥ ‖f‖C0 +
ǫ
2
.(6.6)
This is possible by (6.4). Notice that φk0(f˜) is a self-adjoint operator on
Hk0 , and by (6.2), there exists a finite interval [a, b] ⊂ R such that
φk0(f˜) = P[a,b]φ
k0(f˜)P[a,b].
Indeed, it is enough to take [a, b] so that supp(f) ⊂ (a + m2k0 , b − m2k0 ).
So the operator φk0(f˜) can be regarded as a linear operator on the finite
dimensional Hilbert space Hk0 |[a,b]. In particular, by (6.6), we can take an
eigenvalue λ ∈ R of φk0(f˜) with
|λ| ≥ ‖f‖C0 +
ǫ
2
.(6.7)
We take a normalized eigenvector v ∈ Hk0 for λ,
φk0(f˜)v = λv, ‖v‖ = 1.
Lemma 6.8. There exists a closed interval I = [s, t] ⊂ R such that
• |I| = (t− s =)α,
• If we define the interval J := [s− Mk0 , t+ Mk0 ], we have
‖PIv‖2 ≥ k0α
k0α+ 2M
‖PJv‖2.
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Proof. The proof is given by an easy pigeonhole principle argument. For
each l ∈ Z, we consider the intervals
Il := [l/k0, l/k0 + α] , Jl := [(l −M)/k0, (l +M)/k0 + α] .
Since ‖v‖ = 1, we have∑
l∈Z
‖PIlv‖2 = ⌊k0α+ 1⌋,∑
l∈Z
‖PJlv‖2 = ⌊k0α+ 2M + 1⌋.
So there must exist an integer l ∈ Z with
‖PIlv‖2 ≥
k0α
k0α+ 2M
‖PJlv‖2.
So we can set I := Il for such l and get the result. 
Fix an interval I, J ⊂ R satisfying the conditions in Lemma 6.8. By (6.2)
and the definition of φk0 , we have
Px+m
k0
φk0(f˜)Px = 0 for all x ∈ Bk0 and m ∈ Z with |m| > M.
so we get
λPIv = PIφ
k0(f˜)v = PIφ
k0(f˜)PJv.
From this and Lemma 6.8, we have
‖PIφk0(f˜)PJ‖ ≥ λ ‖PIv‖‖PJv‖ ≥ λ
√
k0α
k0α+ 2M
≥
(
‖f‖C0 +
ǫ
2
)(
1 +
ǫ
50‖f‖C0
)−1/2
,
where we used (6.7) and (6.6) for the last inequality. The last expression is
estimated as(
‖f‖C0 +
ǫ
2
)(
1 +
ǫ
50‖f‖C0
)−1/2
≥
(
‖f‖C0 +
ǫ
2
)(
1− ǫ
50‖f‖C0
)
> ‖f‖C0 +
ǫ
4
,
since we have assumed that ǫ < ‖f‖C0 . So we have
‖PIφk0(f˜)PJ‖ > ‖f‖C0 +
ǫ
4
.(6.9)
Let us denote by x0 ∈ I the middle point of the interval I. We define
F ∈ C∞(T ) by
F (θ) := f˜(x0, θ).
We consider the operator Φk0(F ) ∈ Hk0 defined in Lemma 3.18.
Lemma 6.10. We have∥∥∥PI (Φk0(F )− φk0(f˜))PJ∥∥∥ ≤ ǫ
100
.
Proof. Recall the definition of Φk0(F ) in Lemma 3.18, the construction of f˜
in (6.2) and the estimate (6.5). Applying the estimate in Lemma 3.2,
‖PI(Φk0(F )− φk0(f˜))PJ‖ ≤
∑
|m|≤M
sup
x∈J
|fm(x)− fm(x0)| ≤
∑
|m|≤M
ǫ
100(2M + 1)
≤ ǫ
100
.
Here we used the inequality |x−x0| ≤ |J |/2 = (α+ Mk0 ) < α for x ∈ J . This
follows from (6.6) and our assumption ǫ < ‖f‖C0 . 
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By Lemma 3.18 and Lemma 6.10, we have
‖PIφk0(f˜)PJ‖ ≤ ‖PIΦk0(F )PJ‖+ ǫ
100
≤ ‖Φk0(F )‖+ ǫ
100
= ‖F‖C0 +
ǫ
100
≤ ‖f˜‖C0 +
ǫ
100
.
By (6.3), we get
‖PIφk0(f˜)PJ‖ ≤ ‖f‖C0 +
ǫ
50
.
This contradicts with the estimate (6.9), so we get
sup
k→∞
‖φk(f)‖ ≤ ‖f‖C0 .(6.11)
Next we show infk→∞ ‖φk(f)‖ ≥ ‖f‖C0 . Assume the contrary, and take
δ > 0 with δ < ‖f‖C0 such that
inf
k→∞
‖φk(f)‖ < ‖f‖C0 − δ.
We take M ′ ∈ N, fˆ ∈ C∞c (X) and α′ > 0 exactly in the same way, this time
ǫ replaced by δ, as in the first half of this proof. Namely, we take M ′ > 0
so that ∑
|m|>M ′
‖fm‖C0 <
δ
100
.
We define fˆ by
fˆ :=
∑
|m|≤M ′
fm(x)e
√−1〈m,θ〉.(6.12)
This satisfies
‖f − fˆ‖C0 <
δ
100
,(6.13)
‖φk(f)− φk(fˆ)‖ < δ
100
,
inf
k→∞
‖φk(fˆ)‖ < ‖f‖C0 −
δ
2
.(6.14)
Take α′ > 0 so that for all m ∈ Z with |m| ≤M ′, we have,
|fm(x)− fm(y)| < δ
100(2M ′ + 1)
for all |x− y| ≤ α′.(6.15)
Let us choose k′ ∈ N such that
k′ ≥ 100M
′‖f‖C0
δα′
, and ‖φk′(fˆ)‖ ≤ ‖f‖C0 −
ǫ
2
.(6.16)
This is possible by (6.14).
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Since we have assumed that δ < ‖f‖C0 , by (6.16), we have k′−1 < α′. So
by (6.15), we can take (y0, θ0) ∈ Bk′ × T such that
|fˆ(y0, θ0)| ≥ ‖fˆ‖C0 −
δ
100
.(6.17)
Let us define the intervals I ′, J ′ ⊂ R by
I ′ := [y0 − α′/2 +M ′/k′, y0 + α′/2−M ′/k′], J ′ := [y0 − α′/2, y0 + α′/2].
Let us define a function Fˆ ∈ C∞(T ) by
Fˆ (θ) := fˆ(y0, θ).
We consider the operator Φk
′
(Fˆ ) ∈ Hk defined in Lemma 3.18. Similarly as
Lemma 6.10, we have
‖PI′
(
Φk
′
(Fˆ )− φk′(fˆ)
)
PJ ′‖ ≤ δ
100
.(6.18)
Let us define v′ ∈ PJ ′Hk by
v′ :=
∑
|m|≤k′α′/2
e−
√−1〈m,θ0〉ψky0+m/k′
√
d′θ.
We have ‖v′‖2 = #(J ′∩Bk′). For y0+ pk′ ∈ I ′∩Bk′ , where |p| ≤ k′α′/2−M ′,
we have, denoting the matrix element of Ψk
′
(Fˆ ) by KFˆ (·, ·),
〈ψky0+ pk′ ,Φ
k′(Fˆ )v′〉 =
∑
|m|≤k′α′/2
KF ′
(
y0 +
p
k′
, y0 +
m
k′
)
e−
√−1〈m,θ0〉
=
∑
|m|≤k′α′/2
fˆp−m(y0)e−
√−1〈m,θ0〉
=
∑
m∈Z
fˆp−m(y0)e−
√−1〈m,θ0〉
= e−
√−1〈p,θ0〉fˆ(y0, θ0).
Here the third equality used the fact that, by (6.12), we have fˆp−m = 0 for
|p| ≤ k′α′/2−M ′ and |m| ≤ k′α/2. So we get
‖PI′Φk′(Fˆ )v′‖2 = |fˆ(y0, θ0)|2 ·#(I ′ ∩Bk).
Since PJ ′v
′ = v′, we see that
‖PI′Φk′(Fˆ )PJ ′‖2 ≥ ‖PI
′Φk
′
(Fˆ )v′‖2
‖v′‖2
≥ |fˆ(y0, θ0)|2#(I
′ ∩Bk)
#(J ′ ∩Bk)
≥
(
‖f‖C0 −
δ
50
)2(
1− 2M
′
k′α′
)
≥
(
‖f‖C0 −
δ
50
)2(
1− δ
50‖f‖C0
)
≥
(
‖f‖C0 −
δ
25
)2
.
34 M. YAMASHITA
where the third inequality used (6.17) and (6.13), the fourth inequality used
(6.16), and the last inequality used 0 < δ < ‖f‖C0 . From this and (6.18),
we get
‖φk′(fˆ)‖ ≥ ‖PI′φk′(fˆ)PJ ′‖ ≥ ‖f‖C0 −
δ
25
− δ
100
≥ ‖f‖C0 −
δ
10
.
This contradicts with (6.16), so we get
inf
k→∞
‖φk(f)‖ ≥ ‖f‖C0 .(6.19)
Combining (6.11) and (6.19), we get the desired result. 
6.2. A proof of Theorem 3.33. In this subsection, we give a proof of
Theorem 3.33. We work in the settings in subsection 3.2, and use notations
there.
Proof of Theorem 3.33. As a preperation, we give a sufficient condition for a
family of operators on {Hk}k to be uniformly bounded. For a linear operator
F on Hk and a subset V ⊂ B, we write
supp(F ) ⊂ V
if PV FPV = F .
Lemma 6.20. Suppose we are given a family of linear operators {Ak}k∈N,
Ak : Hk → Hk and a compact subset B′ ⊂ B such that supp(Ak) ⊂ B′ for
all k. Suppose that we are given a finite subset {Ui}i∈I ⊂ U , a partition
B′ = ⊔i∈IVi and a positive constant M > 0 such that
(A) For each i ∈ I, we have Vi ⊂ Ui.
(B) For each i ∈ I, Bi(Vi,M) := {y ∈ Rn |x ∈ Vi, |y − x| ≤ M} ⊂ Ui.
Here we regard Ui as a subset in R
n by the action coordinate, and
the norm is the Euclidean norm with respect to the action coordinate
on Ui.
Furthermore, we assume that,
(1) For each i ∈ I, there exists a constant Ci > 0 such that, for all
k ∈ N, x ∈ Vi and p ∈ Zn with |p| ≤ kM , we have
‖Px+p/kAkPx‖ ≤
Ci
(1 + |p|)n+1 .
(2) There exists a constant C ′ > 0 such that, for all k ∈ N and pairs
(b, c) ∈ Bk × Bk which cannot be expressed as (b, c) = (x + p/k, x)
with |p| ≤ kM in the action coordinate on Ui with c ∈ Vi, we have
‖PbAkPc‖ ≤ C
′
k2n
.
Then we have
sup
k→∞
‖Ak‖ <∞.
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Proof. First we note that, since B′ is compact, there exists a positive con-
stant a < +∞ such that for all k ∈ N,
#(Bk ∩B′) < a
kn
.(6.21)
Fix k ∈ N. Since supp(Ak) ⊂ ⊔i∈IVi, we can decompose the operator Ak as
Ak =
∑
i∈I
PUiAkPVi +
∑
i∈I
(1− PUi)AkPVi .(6.22)
First we estimate the first term in (6.22). We have
PUiAkPVi =
∑
p∈Zn,|p|≤kM
∑
x∈Vi∩Bk
Px+p/kAkPx +
∑
x∈Vi∩Bk
PUi\Bi(x,M)AkPx.
For each p ∈ Zn with |p| ≤ kM , we have (see Lemma 3.2)
‖
∑
x∈Vi∩Bk
Px+p/kAkPx‖ = max
x∈Vi∩Bk
‖Px+p/kAkPx‖ ≤
Ci
(1 + |p|)n+1 ,
by the condition (1) in the statement. So we have
‖
∑
p∈Zn,|p|≤kM
∑
x∈Vi∩Bk
Px+p/kAkPx‖ ≤ Ci
∑
p∈Zn,|p|≤kM
1
(1 + |p|)n+1
≤ Ci
∑
p∈Zn
1
(1 + |p|)n+1 = CiC
′′,
for some C ′′ <∞ which does not depend on k nor i ∈ I. Moreover we have,
for each x ∈ Vi, using the condition (2) in the statement,
‖PUi\Bi(x,M)AkPx‖ ≤ #(Bk ∩B) ·
C ′
k2n
.
Combining these, for each i, we have
‖PUiAkPVi‖ ≤ CiC ′′ + (#(Bk ∩B))2 ·
C ′
k2n
.
Next we estimate the second term in (6.22). Since all the pair (b, c) with
c ∈ Vi and b /∈ Ui satisfies the assumption for the condition (2) in the
statement of the Lemma, we get
‖
∑
i∈I
(1− PUi)AkPVi‖ ≤ (#(Bk ∩B))2 ·
C ′
k2n
.
Combining these, we get
‖Ak‖ ≤ C ′′
∑
i∈I
Ci + (#I + 1) · (#Bk)2 · C
′
k2n
≤ C ′′
∑
i∈I
Ci + (#I + 1) · a2C ′
The last inequality used (6.21). Since we have #I < ∞, we get the result.

Let us fix f, g ∈ C∞c (X) and let Akerr be the operator on Hk defined by
Akerr := k2
(
φk(f)φk(g) − φk(fg) +
√−1
2k
φk({f, g})
)
.(6.23)
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It is enough to show that the family of operators {Akerr}k satisfies the con-
ditions in Lemma 6.20.
Since f, g are compactly supported and the covering U is locally finite
and consists of relatively compact subsets, it is easy to see that there exists
a compact subset B′ ⊂ B such that for all k ∈ N, we have
supp(Akerr), supp(φk(f)), supp(φk(g)) ⊂ B′.
We fix such B′. Then we fix a finite subset {Ui}i∈I ⊂ U , a partition a par-
tition B′ = ⊔i∈IVi and a positive constant M > 0 satisfying the conditions
(A) and (B) in Lemma 6.20 (such datum always exist).
Remark 6.24. There exist a positive constant D0 > 0 such that, for any
i, j ∈ I, any positive number r > 0 and any pair (b, c) ∈ B × B with
c ∈ Ui ∩ Uj such that Bi(c, r) ⊂ Ui, we have
b /∈ Bi(c, r)⇒ b /∈ Bj(c,D0r).
Here Bi, Bj denotes the Euclidean ball with respect to the action coordinates
on Ui, Uj, respectively. This can be seen as follows. Denoting the transition
function of the coordinates on Uj and Ui by
x 7→ Bijx+ cij ,
it is enough to set
D0 :=
(
max
i,j with Ui∩Uj 6=φ
‖Bij‖
)−1
.
From now on we fix such D0.
Since f, g are smooth and compactly supported, for each N ∈ N, we have
a positive constant CN > 0 with the following conditions. For all i ∈ I, if we
express the Fourier coefficients of f on Ui with respect to the action-angle
coordinates by fm(x), m ∈ Zn, and similarly for other functions, we have
‖fm‖Ui , ‖∇fm‖Ui , ‖gm‖Ui , ‖∇gm‖Ui , ‖{f, g}m‖Ui , ‖(fg)m‖Ui ≤
CN
(1 + |m|)N ,
(6.25)
‖H(fm)‖Ui , ‖H(gm)‖Ui ≤
CN
(1 + |m|)N .(6.26)
Here we denote byH(·) the Hessian of a function, and we abuse the notations
to write ‖ · ‖Ui the C0(Ui)-norms with respect to the flat metrics induced by
the Euclidean metric of the action coordinate on Ui.
First we check the condition (2) in Lemma 6.20. Let us take (b, c) ∈
Bk × Bk which satisfies the assumption in the condition (2). By Remark
6.24, we have b /∈ Bi(c,D0M) for all i ∈ I with c ∈ Ui. By Lemma 3.25 and
(6.25), we have
‖Pbφk(fg)Pc‖ ≤ CN
(1 + kD0M)N
,(6.27)
‖Pbφk({f, g})Pc‖ ≤ CN
(1 + kD0M)N
.
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Also we have
Pbφ
k(f)φk(g)Pc =
∑
d∈Bk
(Pbφ
k(f)Pd)(Pdφ
k(g)Pc).
The terms in the sum of the last equation is nonzero only when (b, d) and
(d, c) are both close. Let us take i ∈ I so that c ∈ Vi. Then by the
assumption, either
(a) d /∈ Bi(c,M/2), or
(b) d ∈ Bi(c,M/2), Bi(d,M/2) ⊂ Ui and b /∈ Bi(d,M/2)
holds. In the case (a), we have ‖Pdφk(g)Pc‖ ≤ CN(1+kD0M/2)N by Lemma 3.25
and (6.25), and we also have ‖Pbφk(f)Pd‖ ≤ C1. In the case (b), we have
‖Pbφk(f)Pd‖ ≤ CN(1+kD0M/2)N and ‖Pdφ
k(g)Pc‖ ≤ C1 similarly. Thus in both
cases we get
‖(Pbφk(f)Pd)(Pdφk(g)Pc)‖ ≤ C1CN
(1 + kD0M/2)N
.
So we have
‖Pbφk(f)φk(g)Pc‖ ≤ #(Bk ∩B′) · C1CN
(1 + kD0M/2)N
.(6.28)
Since B′ is compact, #(Bk ∩ B′) = O(kn) as k → ∞, the right hand side
above is O(k−N+n).
Combining (6.27) and (6.28), we see that ‖PbAkerrPc‖ is of O(k−N ) for
any N ∈ N (with coefficients independent of b or c), so in particular we have
a constant C˜ > 0 which is independent of k, such that
‖PbAkerrPc‖ ≤
C˜
k2n
,(6.29)
for all (b, c) ∈ Bk ×Bk satisfying the assumption in (2) of Lemma 6.20.
Next, we check the condition (1) in Lemma 6.20. Only in this proof, we
use the following notation. Define the set Wi for i ∈ I by
Wi :=
{
(x, p, k) ∈
(
Vi ∩ Z
n
k
)
× Zn × N : |p| ≤ kM
}
.
The pairs (b, c) ∈ Bk × Bk satisfying the condition (1) in Lemma 6.20 are
precisely those which can be expressed as (x+ pk , x) for an element (x, p, k) ∈
Wi for some i ∈ I. Until the end of this proof, we only consider elements
(x, p, k) belonging to Wi for some i ∈ I.
Let us fix i ∈ I. As in Lemma 3.25, using the action-angle coordinate on
XUi and the trivialization of (L,∇)|XUi , we take the orthonormal basis ofHk|Ui , and express operators on Hk by the matrix coefficients with respect
to that basis. For any (x, p, k) ∈Wi, we have
Kfg
(
x+
p
k
, x
)
= exp
(√−1C(x, p, k) |p|3
k2
) ∑
m∈Zn
(fp−mgm)|x+ p
2k
.
Here C(x, p, k) is a real number such that |C(x, p, k)| ≤ ‖∇A‖Ui by Lemma
3.25. First we observe that, for any N ∈ N, there exists a constant C ′N > 0
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such that, for all (x, p, k) ∈Wi,∥∥∥∥∥∥Kfg
(
x+
p
k
, x
)
− exp
(√−1C(x, p, k) |p|3
k2
) ∑
m∈Zn,|m|≤kM
(fp−mgm)|x+ p
2k
∥∥∥∥∥∥ ≤ C
′
N
kN
.
i.e., we may replace the sum over m ∈ Zn with those with |m| ≤ kM .
Indeed, the above difference is bounded by∑
m∈Zn,|m|>kM
‖fp−m‖Ui · ‖gm‖Ui ≤
∑
m∈Zn,|m|>kM
C1CN
(1 + |m|)N .
by (6.25), and this is O(k−N+n).
Put 1 + C˜x,p,k
|p|3
k2 = exp(
√−1C(x, p, k) |p|3k2 ). We have |C˜x,p,k| ≤ ‖∇A‖Ui .
We have, for all (x, p, k) ∈Wi,∥∥∥∥∥∥Kfg
(
x+
p
k
, x
)
−
(
1 + C˜x,p,k
|p|3
k2
) ∑
m∈Zn,|m|≤kM
(fp−mgm)|x+ p
2k
∥∥∥∥∥∥ ≤ C
′
N
kN
.
Moreover, we have, using the inequality (1 + |p−m|)(1 + |m|) ≥ 1 + |p|, for
any N ∈ N, p ∈ Zn and k ∈ N, we have
∑
m∈Zn,|m|≤kM
‖fp−m‖Ui · ‖gm‖Ui ≤
∑
m∈Zn,|m|≤kM
CNCN+n+1
(1 + |p−m|)N (1 + |m|)N+n+1
(6.30)
≤ CNCN+n+1
(1 + |p|)N
∑
m∈Zn
1
(1 + |m|)n+1
≤ D
′
N
(1 + |p|)N ,
where D′N > 0 is a positive constant independent of k, p. Thus we get, for
any N ∈ N and (x, p, k) ∈Wi,
∥∥∥∥∥∥Kfg
(
x+
p
k
, x
)
−
∑
m∈Zn,|m|≤kM
(fp−mgm)|x+ p
2k
∥∥∥∥∥∥ ≤ ‖∇A‖Ui |p|
3
k2
· D
′
N+3
(1 + |p|)N+3 +
C ′N+2
kN+2
(6.31)
≤ 1
k2
‖∇A‖UiD′N+3 + (M + 1)NC ′N+2
(1 + |p|)N .
where the last inequality uses the fact that |p| + 1 ≤ kM + 1 ≤ k(M + 1).
We apply the same argument for {f, g} and get that, there exists a constant
D′′N such that for all (x, p, k) ∈Wi, we have
∥∥∥∥∥∥K{f,g}
(
x+
p
k
, x
)
−√−1
∑
m∈Zn,|m|≤kM
{〈m,∇fp−m〉gm − fp−m〈p−m,∇gm〉}|x+ p
2k
∥∥∥∥∥∥
(6.32)
≤ 1
k2
D′′N
(1 + |p|)N .
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We have, for (x, p, k) ∈Wi,
Px+p/kφ
k(f)φk(g)Px =
∑
d∈Bk
(Px+p/kφ
k(f)Pd)(Pdφ
k(g)Px).
When a point d ∈ Bk satisfies d /∈ Bi(x,M), we have
‖(Px+p/kφk(f)Pd)(Pdφk(g)Px)‖ ≤
C1CN
(1 + kD0M)N
,
for any N , similarly as before. Since we have supp(φk(g)) ⊂ B′ for the
compact subset B′ ⊂ B and we have #(B′ ∩ Bk) = O(kn), we see that for
each N , there exists a constant C ′′N such that, for any (x, p, k) ∈ Wi, we
have∥∥∥∥∥∥Kφk(f)φk(g)
(
x+
p
k
, x
)
−
∑
m∈Zn,|m|≤kM
Kf
(
x+
p
k
, x+
m
k
)
Kg
(
x+
m
k
, x
)∥∥∥∥∥∥ ≤ C
′′
N
kN
.
Moreover we have, by Lemma 3.25, for any (x, p, k) ∈Wi and m ∈ Zn with
|m| ≤ kM ,∣∣∣∣Kf (x+ pk , x+ mk )Kg (x+ mk , x)− fp−m
(
x+
p+m
2k
)
gm
(
x+
m
2k
)∣∣∣∣
≤ |p−m|
3 + |m|3
k2
· ‖∇A‖Ui · ‖fp−m‖Ui · ‖gm‖Ui .
By the same argument as (6.30), we have∑
m∈Zn,|m|≤kM
(|p−m|3 + |m|3) · ‖fp−m‖Ui · ‖gm‖Ui ≤
C ′′′N
(1 + |p|)N
for some constant C ′′′N independent of k. Thus we see that, for each N there
exists a constant D′′′N such that, for any (x, p, k) ∈Wi,∥∥∥∥∥∥Kφk(f)φk(g)
(
x+
p
k
, x
)
−
∑
m∈Zn,|m|≤kM
fp−m
(
x+
p+m
2k
)
gm
(
x+
m
2k
)∥∥∥∥∥∥ ≤ 1k2 D
′′′
N
(1 + |p|)N .
(6.33)
Moreover we have, by (6.26),∥∥∥∥fp−m(x+ m+ p2k
)
−
{
fp−m +
〈m
2k
,∇fp−m
〉}∣∣∣
x+ p
2k
∥∥∥∥ ≤ CN(1 + |p−m|)N |m|28k2 ,∥∥∥∥∥gm (x+ m2k)−
{
gm −
〈
p−m
2k
,∇gm
〉}∣∣∣∣
x+ p
2k
∥∥∥∥∥ ≤ CN(1 + |m|)N |p−m|28k2 .
We estimate
CN
(1 + |p−m|)N
|m|2
8k2
· ‖gm‖ ≤ CNCN+n+3
8k2(1 + |p−m|)N (1 + |m|)N+n+1 ,
CN+n+1
(1 + |m|)N+n+1
|p −m|2
8k2
· ‖fp−m‖ ≤ CN+2CN+n+1
8k2(1 + |p−m|)N (1 + |m|)N+n+1 ,
‖〈m
2k
,∇fp−m〉‖ · ‖〈p −m
2k
,∇gm〉‖ ≤ CN+1CN+n+2
4k2(1 + |p−m|)N (1 + |m|)N+n+1 .
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So by a similar estimate as in (6.30), we see that, for each N there exists a
constant D′′′′N such that, for any (x, p, k) ∈Wi we have
∥∥∥∥∥∥
∑
m∈Zn,|m|≤kM
fp−m
(
x+
p+m
2k
)
gm
(
x+
m
2k
)(6.34)
−
∑
m∈Zn,|m|≤kM
{
fp−m · gm +
〈m
2k
,∇fp−m
〉
gm − fp−m ·
〈
p−m
2k
,∇gm
〉}∣∣∣∣
x+ p
2k
∥∥∥∥∥∥
≤ 1
k2
· D
′′′′
N
(1 + |p|)N .
Combining (6.31), (6.32), (6.33) and (6.34), there exists a constant D˜i
such that, for any (x, p, k) ∈Wi we have
‖Px+p/kAkerrPx‖ ≤
D˜i
(1 + |p|)n+1 .(6.35)
By (6.29) and (6.35), we see that the family of operators {Akerr}k satisfies
the conditions of Lemma 6.20, so we get the result. 
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